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Preface

DGCIT 2006, the 13th in a series of international conferences on Discrete Geom-
etry for Computer Imagery, was held in Szeged, Hungary, October 25-27, 2006.
DGCI 2006 attracted a large number of research contributions from academic
and research institutions in this field. In fact, 99 papers were submitted from
all around the world. After review, 55 contributions were accepted from which
28 were selected for oral and 27 for poster presentation. All accepted contri-
butions were scheduled in single-track sessions. The program was enriched by
three invited lectures, presented by internationally well-known speakers: Jean-
Marc Chassery (Domaine Universitaire Grenoble, France), T. Yung Kong (City
University of New York, USA), and Ldszl6 Lovész (Eotvos Lordnd University,
Budapest, Hungary).

We were pleased that DGCI got the sponsorship of the International Associ-
ation of Pattern Recognition (IAPR). DGCI 2006 is also a conference associated
with the JAPR Technical Committee on Discrete Geometry (TC18). Hereby, we
would like to thank all contributors, the invited speakers, all reviewers and mem-
bers of the Steering and Program Committees, and all supporting personnel who
made the conference happen. We are also grateful to the Institute of Informat-
ics, University of Szeged, for the financial and infrastructural help, which was
essential to the organization of a successful conference. Finally, we thank all the
participants and hope that they found interest in the scientific program and also
that they had a pleasant stay in Szeged.

October 2006 Attila Kuba
Laszl6 G. Nyl
Kélman Palagyi
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Duality and Geometry
Straightness, Characterization and Envelope

Jean-Marc Chassery!, David Coeurjolly?, and Isabelle Sivignon?

! Laboratoire LIS

Domaine universitaire Grenoble - BP46

38402 St Martin d’Heres Cedex, France
jean-marc.chassery@lis.inpg.fr

2 Laboratoire LIRIS - Université Claude Bernard Lyon 1
Batiment Nautibus - 8, boulevard Niels Bohr
69622 Villeurbanne cedex, France
{david.coeurjolly, isabelle.sivignon}@liris.cnrs.fr

Abstract. Duality applied to geometrical problems is widely used in
many applications in computer vision or computational geometry. A clas-
sical example is the Hough Transform to detect linear structures in im-
ages. In this paper, we focus on two kinds of duality/polarity applied to
geometrical problems: digital straightness detection and envelope com-
putation.

Introduction

In domain of geometry, notion of duality is often used to represent the same
structure in different domains like spatial domain or parametric one. The objec-
tive is to facilitate transformations like characterization, detection, recognition
or classical ones such as intersection or union. A first example is illustrated with
Voronoi partition in which polygonal regions are not homogeneous in terms of
number of vertices. Nevertheless, the corresponding dual mesh, called Delaunay
mesh, is composed of triangles. According to applications the choice of the alter-
native representations can be used on optimality criteria (computational cost,
database structure, ...).

Following this first example, we focus in this paper on dual transformations
illustrated by problems of digital straightness and envelope.

1 Example of the Hough Transform

The Hough transform (HT for short) is a very classical tool in image analysis
to detect geometric features in images. These features may be line segments,
circles, ellipses or any other parameterized curve. The HT, introduced in 1962 by
Hough [1], is a dual transformation that enables to find a set of global structures,

A. Kuba, L.G. Nyul, and K. Paldgyi (Eds.): DGCI 2006, LNCS 4245, pp. 1-{I6] 2006.
© Springer-Verlag Berlin Heidelberg 2006



2 J.-M. Chassery, D. Coeurjolly, and I. Sivignon

without any a priori knowledge on the number of structures to be found. Note
also that this method is robust to noise and disconnected features.

1.1 Definition of Hough Transform

The general idea of this transform is that every point of the image contributes to
the definition of the solution set for a given parameterized structure. Consider
for instance a point py of coordinates (g, yo) and the parameterization of lines
y = ax + (. Then the set of lines going through py are the ones of parameters
(a, B) fulfilling the equality yo = axo + 8. This equality may be rewritten as
0 = —axg + Yo, and if a new geometrical space (af), called dual space, or
parameter space, is defined, this equation defines a line : in this dual space, each
point of this line represents a line of the (zy) space going through the point
po- An illustration of three points and the three corresponding lines in the dual
space (af3) are represented in Figure[I] (a)-(b): note that the three lines in (a3)
space are concurrent in one point, the coordinates of which defines a line going
through the three points in (zy) space.

However, as noticed by Duda in [2], the linear parameterization of lines defined
by y = ax + (8 is not the handiest one since the two parameters « and 3 are
unbounded. Thus, another transform consists in using the polar parameterization
of straight lines p = xcos@ + ysinf. Any point in the (zy) space defines a
sinusoidal curve in the (6p) space, where only the parameter p has unbounded
values (see Figure[Il(c) for an illustration).

General properties fulfilled by these two representations, and suitable for
straight line detection in images were expressed by Duda [2]:

Property 1

e A point in the (zy) space matches up with one curve in the dual space;

e A point in the dual space matches up with a straight line in the (zy) space;

e Points lying on a same line in the (xy) space match up with concurrent curves
in the dual space;

e Points on a same curve in the dual space match up with concurrent straight
lines in the (zy) space.

(i, i) B=—-za+vy; p = w;cos0 + y;sind
10 T 1 e N A 8
S T 2RO -4 6
6 — . - 0l 4
Yy 4 . -4 0 p 2
o _ | 6 0
3 -2
0 . - 3 )
9 [ I B ol 1 6 ! ! |
2 0 2 4 6 8 4 3 2 1 0 1 2 0o §F 5 o Z& o oow
T «@ 0
(a) (b) (c)

Fig. 1. (a) Three points in the (zy) space; (b) Dual representation in the (a/3) space;
(c) Dual representation in the (6p) space
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1.2 Recognition of Parameterized Structures

Line segment detection in images does not consist in finding the pixels lined
up according to the Euclidean straight line definition, but a relaxation of this
definition has to be used. To do so, the method generally used consists of, first,
decomposing, or quantifying the dual space along the two axis, and second, defin-
ing a counter for each cell of the dual space. Algorithm [I] describes the general
algorithm for finding parameterized curves in an image using HT. The quantiza-
tion step is a trade-off between precision on one part, and memory/computation
cost on the other hand. Moreover, a good quantization should provide constant
densities for equally probable line parameters. An illustration of Algorithm [l is
proposed in Figure

Algorithm 1. Hough transform for parameterized curve detection

Input: Set of pixels P
Quantify the dual space of the parameterized curve;
Set all the cell counters to zero;
for every pizel p of P do
Compute HT(p) and digitize it according to the quantization grid;
Add one to the counters of HT (p) digitization;
end
Look for local maxima among the cells counters: each maximum matches with
the parameters of a curve found in P.

2 Duality in Discrete Geometry

During a HT, the discrete nature of the data processed is taken into account
with a quantization of the dual space. On the contrary, we see in this section
that the classical notion of dual space used in discrete geometry introduces the
discrete nature of the data in the definition of the dual representation of a point.

2.1 Definition of the Dual Space

In digital geometry, pixels are said to be lined up if they belong to a digital
straight line, which is the digitization of a straight line. In a general way, a digital
straight line of parameters (a, b, 1) and bounds p(a,b) and w(a,b) is the set of
pixels (z,y) such that p(a,b) < az —by+ p < w(a,b). Without loss of generality,
we suppose that |b| > |a|, and b > 0 in the following. With these conditions, the
previous definition may be rewritten as p’'(«, 8) < ax—y+ 0 < '(«, ). Given a
point pg of coordinates (xo, yo), the digital lines containing are the ones for which
(0, yo) fulfills the inequalities. Thus, we can once again define a dual space (af3)
to represent the space of line parameters, but contrary to HT, a given point pg
of coordinates (g, yo) matches up with the intersection of two linear constraints
defined by ET : 8> —axg +yo + p'(a, 8) and E~ : B < —axg + yo + ' (a, B).
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p = xicosl + y;sind

8 -
y 4"/
il 2

0

o W - P
' .
4 9 .\.\\ g
T -4 \\
21 6 ..
0 i 3 T m
0 2 4 6 X 0
(a) (b)

y

64

4]

24

0 2 4 6 X

Fig. 2. Detection of a line segment with HT: (a) the four pixels of the set P; (b)
dual representation in the quantified dual space; (c) result of the digitization of the
sinusoidal curves; (d) straight line computed from the local maximum found

Definition 1. Let P be a set of pizels. The preimage of P denoted by P(P) is
defined as follows: P(P) = {(«, B), |a| <1 |V(z,y) € P, p'(o, ) < ax—y+0 <
W'(a, B)}. (See Figure[3).

As we can see, in digital geometry, the linear parameterization of lines is used in
order to define the dual space. Nevertheless, we pointed out that for the Hough
transform, using a polar parameterization is more convenient in order to handle
bounded parameters. Actually, the polar parameterization is not appropriate
for preimage definition since intersection of sinusoidal curves would be involved.
Thus, the handling of unbounded domains has to be tackled. First, the parameter
B takes its values in an unbounded domain since it represents all the possible
translation of a line. This problem is easy to solve, operating a translation of the
set of pixels studied such that one particular pixel of the set is set to the origin.
Next, the slope « of the lines also have unbounded values. The idea here is to
use two dual spaces instead of one :
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Fig. 3. Illustration of the preimage of a set of pixels (digitization process fixed): each
point matches up with two linear constraints, and the preimage is the intersection of
these constraints

Definition 2. The dual space Py is defined as the space where one point (o, 3),
|| < 1 stands for the line ax —y + [ = 0. In the same way, a point (a, ),
|a] < 1 of the dual space denoted P, stands for the line ay —x + 3 = 0.

2.2 Preimages of Digital Lines and Line Segments

The definition of preimage depends on the values of p'(a, 8) and w’(a, 8)}, and in
most applications, these values are defined according to the digitization process
considered during the definition of the digital straight line. In this section, firstly
we give some examples of preimages of digital straight lines in respect to the dig-
itization process considered, and secondly, we emphasize on particular properties
of the preimage of digital straight line segments (DSS for short) for one digiti-
zation process.

Digitization and Preimage. Let us first consider the OB@ (object boundary
quantization) digitization scheme: given a straight line of equation ax —by + pu =
0, its OBQ digitization is the set of pixels such that 0 < ax —by +p < b
(see conditions over a and b previously defined). Since the OBQ digitization is
based on the definition of the inside and this outside of an object, this definition
assumes that the line ax — by + p = 0 is part of the boundary of an object the
inside of which is given by the direction of the normal vector (a, —b).

From this definition, we derive a characterization of the preimage of an infinite
digital line according to the OBQ digitization process [3]:

Property 2. Let L be a digital straight line defined by 0 < ax — by + p < b, with
0 < a < b. Then the preimage of L according to the OBQ digitization process
is the vertical segment [(§, %), (%, ”TH)]
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Following a previous remark, this property assumes that the interior of object
is “under” the line (see Figure[ left). Otherwise the preimage of L is the segment
(%, MTH —1),(%, % — 1) (see Figure @ right).

D _

7 . . D
y\ ] ﬁ D y\ Inside of the object =3

: il ; NEE

1 \ W—J;%
Inside of the object 5 " ?
(010/ % 1 o
D:2z—5y+1=0 h - D:—2x+5y+4=0

D:2z -5y =0 D' :—2z+4+5y+5=0

Fig. 4. Preimage of the digital straight line 0 < 2x — 5y < 5: two solutions according
to the direction of the solutions normal vector

Let us now consider the standard digitization process: given a straight line of
equation ax — by + p = 0 such that 0 < a < b, its standard digitization is the
set of pixels such that —M <ar—by+p < IaIQﬂ. Contrary to the OBQ
digitization process, the standard digitization of a line does not depend on the
direction of the normal vector of the line. However, we have the same kind of
results on the characterization of the preimage (see Figure [ for an illustration):

Property 3. Let L be a digital straight line defined by —M <axr—by+pu<
M, with 0 < a < b. Then the preimage of L according to the standard

digitization process is the vertical segment defined by:

(&, B Ja| + [b] is even;
— 5), (%, & 4+ 5[ if |a| + [b] is odd.

D:xz—-3y+1=0
D:x—-3y=0

Fig. 5. Preimages of digital straight lines according to the standard digitization process:
on the left, the sum |a| + |b| is even, on the right, it is odd
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DSS Preimage. Using a dual space is a common technique for digital straight
line recognition, and thus many works have been carried out about the geo-
metrical and arithmetical structure of the preimage of a digital straight seg-
ment. We simply recall here some of the main and classical properties on this
structure [4L[5]:

Property 4. Let S be a set of N 4+ 1 8-connected pixels, and zy be the minimum
abscissa of this set of pixels. Then the preimage P(S) of S has the following
properties:

1. P(S) is a convex polygon with at most four vertices;

2. two consecutive abscissa of the vertices are consecutive terms in the Farey
series [0] of order max(zg, N — xg). Moreover, for a given abscissa equal to
P the corresponding ordinate is a multiple of % :

3. if this polygon has four vertices, then two out of the four vertices have the
same abscissa.

This property shows that there is a strong connection between DSS preimages
and Farey series. Actually, given a Farey series of order d, a Farey diagram may
be defined ( [5], see Figure[d] on the left for an example). An important property
of this diagram is that their is a bijection between the cells of the Farey diagram
of order ¢ and the preimages of the DSS of length ¢ + 1 [7]. This property is
illustrated in Figure [l in the case of ¢ = 2: there are only four DSS of length 3,
and their preimages are the cells of the diagram. These strong arithmetical and
geometrical features of DSS preimages are used to design efficient recognition
algorithms [8[9].

y C*
[ D B
cell® [T ] A*
[?)[ B(O,l) P(%’l)
3 \“\\\\ @
@
©)
A0,0)  CG.O)
0 !

Fig. 6. Bijection between the cells of a Farey diagram of order 2 and the preimages of
DSS of length 3
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3 Generalizations and Applications

These definitions of dual space and preimage easily extend to higher dimensions
for digital hyperplanes. Nevertheless, even if the characterization of the preim-
ages of infinite hyperplanes is easy to handle, few works have been carried out
concerning the structure of the preimage in 3D or more. In [10], the authors
propose a first structural and arithmetical characterization of the preimage of a
digital plane segment for particular cases. In [I1], a theoretical and experimental
study on the number of faces of the preimage in higher dimensions is proposed.
Concerning the definition of dual space and preimage, recent work [12] proposes
a generalization of the preimage which enables to define the dual of a polygon as
the set of lines crossing this polygon. Together with the use of standard digital
planes, this new dual structure enables to define nice algorithms for digital curve
reconstruction.

Concerning the interest of using a dual space for applications, we already
mentioned the digital line recognition problem, for which using a dual space offers
a nice solution. This algorithm can also be extended for digital plane segments
recognition [I3]. This notion may also be used to study the properties of the
intersection of two digital lines or two digital planes, as in [T4]. In this case, the
preimage of infinite digital lines and planes are involved in the characterization of
the minimal parameters of the set of intersection grid points. Finally, let us also
mention the work carried out by Veelaert in [I5[16}17] concerning the detection
of collinear, parallel or concurrent segments in an image. In these works, the
dual representation of the studied properties enables to extract a graph in which
particular structures (e.g. cliques) are sought. Then these structures represent
sets of segments fulfilling the desired property.

4 Duality/Polarity and Convexity

4.1 Definitions

Another way to consider the geometrical duality is to consider the projective
group on (d + 1) homogeneous coordinates. The homogeneous representation

of a point p = (x1,...,x4) in the d—dimensional Euclidean space is the point
(1,...,24,1) in the projective space [I8]. Furthermore, for any non-zero scalar
A, the homogeneous points (Az1,..., x4, A) represent the same point in the

Euclidean space.

This representation framework is convenient to obtain a matrix representa-
tion of both affine transformations and duality mappings. Indeed, with (d + 1)
homogeneous coordinates, we can represent Euclidean points and all linear va-
rieties of dimension k < d 4+ 1. To define the polarity, we consider the following
transformation:

a=06B

where a and @ are vectors in (d + 1) homogeneous coordinates and B is a
(d+1) x (d + 1) matrix.
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In the following, we focus on matrices B such that |B| # 0 (defining the pro-
jective group) and B = BT In dimension 2, this transformation maps points to
lines and lines to points using the homogeneous coordinate system. Furthermore,
this class of transformation preserves the incidence: a € 3, then 8B € aB. We
thus obtain a geometric duality.

Note that the matrix B is such that aBa”’ = 0 which corresponds to the
equation of a conic in homogeneous coordinates [18]. In computational geometry,
the mapping induced by such a conic is called polarity.

4.2 Polarity with Respect to Unit Circle
In the following, we focus on the polarity defined by the matrix:

100
B=1010
00-1

The conic defined by this mapping in homogeneous coordinates is a unit circle
in dimension 2. This transformation maps a point (x1,x2,1) to the line z1x +
22y — z = 0 in homogeneous coordinates.

A final property of this special duality is that we have a kind of metric preser-
vation. Given a point (or a line) o, we have:

distance(a, 0) - distance(dual(a),0) =1

In the Cartesian space, we can thus consider the dual by polarity of a polygon.
Note that the center of the unit circle (called the pole) needs to be specified.
Figure [1 illustrates the dual transformation of each straight line defined by the
polygon edges. Connecting the polar elements using the incidence property, we
thus obtain a polygon (not necessarily simple) called the dual polygon.

Using the classical property of polarity that maps union to intersection and
conversely we mention the property that in the general case, the convex hull

b a
! N ! ;5 [L2—a
2,3 —=b
2 2 3,4] — ¢
4,1 —d
d a,b] — 2
¢ b,c] — 3
c,d] — 4
d,a] — 1
4 4

Fig. 7. A polygon and its dual by polarity
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d
C d C
[a,b] — 2
la,c] = 5=[1,2]N[3,4]
4 [c,d] — 4 4
[d,b] —6=1[4,1]N2,3]
dual[l,2,3,4] = [a,b,c,d] dualla,b,d, c] = [2,6,4,5] = Kern[1,2,3,4]

Fig. 8. A polygon, its kernel as the dual of the convex hull of the dual

of the dual polygon corresponds to the dual of a geometrical object called the
kernel. This object corresponds to the set of all the points inside the polygon
which are visible from any point of polygon contour (see below for a formal
definition of the kernel). The class of polygons the kernel of which is not empty
is called the star-shaped class of polygons. Figure [§ illustrates this construction
(remind that the position of the pole is very important).

5 Application to Convex Optimization by Interior

This section addresses the problem of the access of the shape by its interior.
Polygon inclusion problems are defined as follows: given a non-convex polygon,
how to extract the maximum area subset included in that polygon 7 The search
of the maximum horizontal-vertical convex polygon included into a simple or-
thogonal polygon has been solved in the continuous case by Wood and Yap with
complexity in O(n?) [19]. For more details about a lot of proposed solutions to
inclusion problems, refer to [20].

For the rest of the presentation, we consider a polygon P = (v, v1,...,Vn—1)
with n vertices. We denote by R = (ro,r1,...,7k—1) the k reflex vertices (or
concave vertices) of P (maybe empty). We note by C; a chord supported by two
successive vertices v; and v; 1. The potato-peeling problem can be expressed as
follows: Find the maximum area convex subset (MACS for short) @ contained
in P.

In [2I], Goodman proves that @ is a convex polygon. He presents explicit
solutions for n < 5 and leaves the problem unsolved in the general case.

In [22], Chang and Yap prove that the potato-peeling problem can be solved in
polynomial time in the general case. More precisely, they detail an O(n”) time
algorithm to extract @ from P. Since this algorithm uses complex geometric
concepts and dynamic programming in several key steps, it is not tractable in
practical applications.
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In the following we propose an approximation based algorithm to approach
the MACS of a star-shaped polygon P. The proposed algorithm is an iterative
process based on a kernel dilatation framework.

5.1 Fast Approximation Algorithm

In this section, we assume that P is a star-shaped polygon. P is a star-shaped
polygon if there exist a point ¢ in P such that qv; lies inside P for all vertices v;
of P. The set of points g satisfying this property is called the kernel of P.

An extremal chord is a chord which contains two or more vertices of P. We
note that an edge of P is always included in an extremal chord.

To end with definitions a chord is called single-pivot chord if it contains only
one reflex vertex (chord C; in Figure @) and double-pivot chord if it contains
two distinct reflex points (chord Cy in Figure [).

The kernel of P can be seen as the intersection between P and the half-
planes C;" defined by all extremal chords C; associated to all reflex vertices, as
illustrated in Figure

Figure [ is an illustration of such proposition. We have the property:

Property 5. Let P be a star-shaped polygon, then its kernel is a subset of the
maximum area convex subset of P.

Fig. 10. Illustration of the kernel computation based on intersection of extremal chords
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Proof. Details of the proof are given in [20].

In other words, there exists a continuous deformation that transforms the kernel
to the MACS. In the following, the strategy we choose to approximate the MACS
is to consider the deformation as an Euclidean dilatation of the kernel. Based on
this heuristic, several observations can be made: the reflex vertices must be taken
into account in the order in which they are reached by the dilatation wavefront.
More formally, we consider the list O of reflex vertices such that the points are
sorted according to their minimum distance to the kernel polygon. When a reflex
vertex is analyzed, we fix the possible chords as follows:

— the chord may be an extremal one;

— the chord may be a single-pivot chord such that its slope is tangent to the
wavefront (this point will be detailed in the next section);

— the chord may be a double-pivot chord. In that case, the second reflex vertex
that belongs to the chord is necessary. It must correspond to the next reflex
point in the order O.

Furthermore, when a reflex vertex is analyzed, we choose the chord from this list
that maximizes the area of the resulting polygon. If we denote by P’ the polygon
given by the intersection between P and the half-plane associated to the chosen
chord, the chord must maximize the area of P’. In the algorithm, it is equivalent
to minimize the area of the removed parts P/P’. Using these heuristics, the ap-
proximated MACS algorithm can be easily designed in a greedy process.

Algorithm 2

Compute the kernel of P;
Compute the ordered list O of reflex vertices;
Extract the first point r1 in O;

tant que O is not empty faire
Extract the first point r2 in O;

Choose the best chord that maximizes the resulting polygon area with the
chords (r1,72);

Modify the polygon P accordingly;

Update the list O removing reflex points excluded by the chord;

1 < T2;

fin

5.2 Single-Pivot Chords Computation

Given a reflex point r; of P, we have listed three possible classes of chord: ex-
tremal, single-pivot and double-pivot chords. The Figure[[Tlreminds the possibles
chords. The extremal and double-pivot chord computation is direct. However, we
have to detail the single-pivot chord extraction. According to our heuristic, the
single-pivot chord associated to r; must be tangent to the wavefront propagation
of the kernel dilatation.
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Fig.11. All possible chords that can be associated to the reflex point r1 (the two
extremal chords, a single-pivot balanced chord and the double-pivot chord)

r2

Using the exterior angular bisector structure issued from the computation of
the generalized Voronoi diagram of Kern(P), we can efficiently compute the
slopes of such chords. In Figure [[2 let e; and ey be two adjacent edges of
Kern(P) (e; and ey are incident to the vertex v). Let p (resp. ¢) be a point in
the plane that belongs to the cell generated by e; (resp. es). We can distinguish
two cases: p is closer to e; than to one of its extremities and ¢ is closer to v
than to ey (without the extremities). Hence the straight line going through p
and tangent to the wave-front propagation is parallel to e;. In the second case,
the tangent to wavefront straight line going through ¢ is tangent to the circle of
center v and radius ||vq|| (see Figure [[2).

(a)

Fig. 12. Computing a chord parallel to the kernel dilatation wavefront: (a) illustration
of the kernel dilatation, (b) single-pivot slope computation

Finally, if each reflex point r; of P is labelled according to the closest edge
e; of Kern(P) (extremities included), we can directly compute the single-pivot
chord: if r; is closer to e; than one of its extremities, the chord is parallel to e;,
otherwise, the chord is tangent to a given circle. Computational cost analysis is
developed in details in [20].

5.3 Experiments

In this section, we present some results of the proposed algorithm. First of all,
Figure [[3] compares the results between the optimal Chang and Yap’s algo-
rithm [22] and the approximated MACS extraction process on 3 examples. In
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Fig. 13. Comparisons between the optimal MACS and the fast approximation proposed
algorithm. Each line corresponds to a new example. The first column presents the input
polygons, their kernels and the distance labelling, the second column shows the results
of the Chang and Yap’s algorithm. The last column presents the result of the proposed
algorithm. For the third example, optimal MACS and the fast approximation proposed
algorithm offer the same result.

practical experiments, the optimal O(n") algorithm do not lead to a direct imple-
mentation. Indeed, many complex geometrical concepts are used and the overall
algorithm is not really tractable. In Figure [[3 the first column presents the
polygon, its kernel and the distance labelling of all vertices, the second row con-
tains the optimal MACS and the third one the fast approximation of the MACS
presented in Section [B.Il Note that the results of the last row are identical. If
we compute the area error between the optimal and the approximated MACS
on these examples, the error is less than one percent.

6 Conclusion

Duality can be seen in two ways : a geometric or a parametric transform. Geo-
metrical duality and graphs have been widely investigated with Voronoi diagrams
and Delaunay triangulations. In this paper, we focused on transformation based
duality. Two different processes have been investigated. The first one is based on
characterization of digital straight lines using duality and preimage. The second
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one is based on polarity for kernel construction used as an initialization step
for the problem of convex envelope of polygon by interior. The analysis of the
geometry of the dual polygon seems to be very promising to have a direct com-
putation of the MACS. Furthermore, a unification of both duality and polarity
frameworks is a challenging future work. Many other examples or approaches
could be studied and elaborated using this concept of duality. All these meth-
ods share the choice of alternative representations in order to offer optimality
criteria.
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Abstract. This paper explores proofs of the isoperimetric inequality for
4-connected shapes on the integer grid Z2, and its geometric meaning.
Pictorially, we discuss ways to place a maximal number unit square tiles
on a chess board so that the shape they form has a minimal number of
unit square neighbors. Previous works have shown that “digital spheres”
have a minimum of neighbors for their area. We here characterize all
shapes that are optimal and show that they are all close to being digital
spheres. In addition, we show a similar result when the 8-connectivity
metric is assumed (i.e. connectivity through vertices or edges, instead of
edge connectivity as in 4-connectivity).

1 Introduction

The isoperimetric inequality for R? states that the area enclosed by a closed
simple curve is at most that enclosed by a circle of the same length, with equality
occurring only for curves that are circles. This implies two conclusions about
circles that are equivalent in the continuous case, but distinct in discrete spaces.
It is clear that among closed simple curves of a certain length, a circle encloses
a maximal area, and on the other hand, that among curves enclosing a certain
area, a circle has minimal length. For discrete spaces there are special shapes
that have been proved to have minimal “perimeter”, for various definitions of the
perimeter, corresponding to the first conclusion. In the context of the Z™ grid,
Wang and Wang [I] presented an ordering of grid points, such that every finite
prefix of the sequence forms a set with minimal boundary size for that cardinality.
Similar arguments have been applied to B™ (the hypercube of dimension n) and
other classes of spaces, and are reviewed by Bezrukov [2]. More results appear
in [BA5].

This paper is concerned with shapes that are optimal in both having minimal
boundaries and having maximal areas given their boundary size. In this way,
they are similar to disks. We limit our treatment to the 2 dimensional grid, and
provide a characterization of shapes that are optimal in this “double” sense.
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We will start with a useful result that illustrates the differences between the
double optimality we require and the weak optimality that was imposed before.
We seek a tight lower bound on the size of the neighborhood of a general subset
of the Z? grid for which we know the cardinality i.e. the area. This is clearly a
form of isoperimetric inequality. Bounds of this sort were used to prove lower
bounds on the efficiency of a multi-agent algorithm for sweeping dynamically
growing shapes [6].

Let A be a finite subset of the Z? grid. We define its neighborhood as N (A) =
{p € Z*|d (p, A) = 1}, where d is the Manhattan metric d ((a,b), (z,y)) = |a — z|
+ |b — y|. Then the lower bound we seek can be written in the form of an integer
sequence n (k) : N — N, defined via n (k) = min| 4> {|N (4)[}.

Let us first look at the 2 dimensional case of the sequence described by Wang
and Wang in [I]. Every prefix of this sequence is a set of tiles (a shape) that
can be described as the union of a discrete sphere (all tiles whose coordinates
sum to at most k) and part of the shell needed for the next largest sphere (some
of the tiles whose coordinates sum to k + 1). The first elements of the Wang?
sequence are (0,0), (0,1), (1,0), (-1,0), (0,-1), (1,1), (-1,1). The corresponding
shapes can be seen in Figure [[l Because Wang? show that the shape formed
by every such prefix has a minimal boundary size for its area, a formula to
calculate the neighborhood size of every such shape would provide us with a
way to calculate n (k). Geometrically we can say that the boundary size changes
whenever the expansion of the outer shell enters a new quadrant.

o oo 5 F ofb o off offp et Ertb B b e

Fig. 1. The first few shapes in the 2D Wang sequence

In our approach, we first note that the function n (k) is not affected by a
shape that has a non minimal neighborhood size for its area (because it will
not be chosen in the min), nor by a shape that has non maximal neighborhood
area (since then the shape of maximal area can be used instead). Then at the
beginning of the next section we provide an explicit expression for n (k), which we
later justify by characterizing the set of shapes that are simultaneously optimal
in both having largest area for the given neighborhood size and having smallest
neighborhood size given their area.

The rest of the paper is organized as follows — section [2] contains a detailed
analysis of the above while section[3 presents an alternative method of producing
similar results. This alternative approach is later used with slight modifications
to derive similar results under the 8-connectivity metric.

2 The Isoperimetric Inequality Theorem

We shall next provide the promised explicit expression for n (k), whose first few
values are 0, 4, 6, 7, 8, 8, 9. This sequence already highlights the fact that the
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fourth shape in the Wang? sequence (Figure[l]) obviously does not have maximal
area for its boundary size, because n (4) = n (5) = 8.

Theorem 1. If k = 0, then n(k) = 0. For k > 0 n(k) =4 (m+ 1) + ¢ where
(m,i) € N X Zy is the first pair for which one of the following holds:

1.i=0Ak<2m?+2m+1
2. i=1Ak<2m?+3m+1
3. i=2Ak<2m?+4m+2
4. i=3ANE<2m?>+5m+3

where N x Zy is ordered lexicographically (with priority to N).

While the formula for n (k) in the above theorem is explicit, one might find this
expression somewhat difficult to grasp. However it is easy to understand as a
way to fill a simple look up table, the first few columns of which are shown
below and which is scanned column first for the first value above or equal to k.
Then the column and row of that value provide 7 and m needed to calculate the
perimeter.

A\m[0[1]2]3]4]5]6 78
0 |1]5 [13[25[41[61] 85 [113[145
1 |1[6 |15[28[45]66] 91 [120[153] . ..
2 [2[8]18[32[50[72[ 98 [128]162
3 [3[10[21[36]55]78[105[136[171

Note that the increasing sequence of values that appear in the successive rows
of the table, i.e. 12 356 8 10 13 15 ... etc. are the areas of the double optimal
shapes.

To gain some geometrical understanding of n (k) in terms of m and i, we
reconsider the Wang? sequence. This sequence includes among others, some op-
timal shapes, which are those whose area appears in the table above. As we
mentioned, such a shape can be seen as a digital sphere enclosed by a shell of
zero to three quadrants. It is easy to see by continuing the sequence that the
radius of the digital sphere is m+1 and the number of quadrants is i. A complete
correspondence of these areas to all optimal shapes, including small ones, will
be proved in the next sections.

Our exploration of optimal shapes that yields theorem 1 consists of two phases.
First we show that the optimal shapes belong to a class of simple shapes (sec-
tion [Z]) and explore the structure common to all the shapes of this class (sec-
tions and [Z3]). Then we use this structure to find which shapes in that class
are indeed optimal (section [2.7]).

2.1 Simple Shapes

In this section we present an algorithm that allows us to cover every shape with
a simple shape of the same neighborhood size and at least as much area. This
will show that only simple shapes may be optimal. We will show how to calculate
the neighborhood size of a simple shape, and later on its area.
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Definition 1. (z,y) is called a 4 neighbor of A if :

(ac,y) ¢ A and {($7y+1)7($+17y)7($— 17y),($,y_ 1)}0147& (Z)
The set of 4 neighbors of A is written N (A).
Definition 2. A shape A is called optimal if for every shape B :
(IN(B)| <IN (A)| = |B| < |A]) and (|B| = |[A] = [N (B)| = [N (4)])
Definition 3. A shape is called simple if it can be written as :
B ={(z,y)ly —x € [j1,j2] and x +y € [k1, ko]}

We often refer to the sizes of a simple shape as j = js — ji1;k = ko — ky.
Sometimes the specific directions do not matter, in which cases we denote w.l.o.g
a = min {j, k} ;b = max {j, k}. Note that there may be different shapes that have
the same dimensions.

Theorem 2. If A is optimal, then A is simple.

Proof. Let A = {(z,y)} be a set of tiles, k; = min{k|3 (z,y) € BAx —y =k},
ke = max{k[3(z,y) € BAz —y=Fk}, i = min{j[3(z,y) € BAz+y=j},
and jo = max {j|3(z,y) € BAz+y=j}.

9 8 9 8
76 6 7 76 6 7
5 4 4 5 4 4
3

j2
a=3;b=5 it
j=

w I
[Ng)

Fig. 2. A general shape A and the corresponding simple shape B

We look at the shape B = {(x,y)| z —y € [j1,j42] ANz + y € [k1, k2]}, then
clearly B O A. We will show that if A is optimal, B = A. Since B is sim-
ple, this is sufficient. On each boundary line there is at least one point that is
in A. Let {(z1,y1), (x2,¥2), (23,93), (z4,y4)} be on such a boundary, where
(zi,9i), (Ti+1,Yi+1) are on non-opposite sides. Note that it is possible that
(xiy¥:) = (®it1,Yit1), for example for A" = {(x0,y0)} all the points are the
same, and that we consider the indexes ¢ modulo 4, so that i =4 =i+ 1= 1.

W.lo.g, we assume that y; — z; = ke A 2441 + yix1 = Jo, then z; < x44.
Since there are no vacant columns between x;, x;41, A has at least z;11 —x; +1
neighbors from above (in each column, the neighbor above the highest tile of
A in that column — see Figure B]). Doing the same for the other 3 adjacent
pairs of points, we find a lower bound on neighbors from the left, from below,
and from the right. Note that this bound is tight for shape B, which has no
other neighbors, and has all the possible tiles. Then if A # B, A is not optimal,
because it has at least as many neighbors, and not as many tiles. a
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Definition 4. A simple shape A with a = 0 is denoted as degenerate shape.

Note that degenerate shapes behave differently from other simple shapes (for ex-
ample, in the degenerate case b cannot have odd values, because the Manhattan
distance between two tiles on a diagonal is always even).

Lemma 1. The only optimal degenerate shapes have an area of 0, 1 or 2.

Proof. If A is degenerate, then a = 0. We assume by contradiction that b > 4
(see Figure[d) and A is optimal. But the shape B, created by placing all the tiles
in the same column has exactly as many neighbors (two horizontal neighbors
per tile, and two additional vertical neighbors), and the same area, but is not
simple, therefore is not optimal. Then A cannot be optimal. The shapes with
b < 3 have areas as described, as can be seen in Figure [ ad

Since we have seen that only a small and finite set of degenerate shapes is of
interest to our discussion we shall assume that all simple shapes have a > 1.

7S¢ XK

Fig. 3. A degenerate shape A, and a variation A" which clarifies that A is non optimal

Lemma 2. Fvery simple shape has j + k + 4 4-Neighbors

Proof. By induction on j and k. This is true for the shape of two neighboring
tiles (i.e j = k = 1), and 6 neighbors. In the induction step, we assume validity
for j, k and prove it for j+ 1 (same reasoning applies to expansion in k). Adding
1 to j causes one diagonal side (having r tiles) to expand to some direction
(an expansion up is illustrated in Figure H)). As a result, r neighbors in that
direction become new tiles, and r vacant beyond those in the same direction
become neighbors, not modifying the neighborhood size yet. However, the new
tile that is last in the direction of advancement is exposed to a new neighbor
from the side. Having been diagonal to an extreme tile in the shape, it was not
a neighbor before (i.e. increasing j or k adds one neighbor), thus a shape of
dimensions (j + 1), k has j + 1+ k+4 neighbors, completing the induction step.

O

2.2 Expansion

In this section we demonstrate how each simple shape can be described as a
“spine” expanded by an iterative expansion process. This process and its effects
on the area and neighborhood size of a simple shape is described.

Definition 5. Let A be a simple shape of dimensions j, k. We call increasing
each of j, k by two an expansion step.
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Fig. 4. Expanding a simple shape to one side

Note that each expansion step performed on a simple shape adds exactly all of
its 4-neighbors. Thus, the number of tiles of the shape increases by j + k + 4,
and the number of neighbors grows by 4. See Figure [l for an example.

Lemma 3. Let A be a simple shape with dimensions j, k. After s expan-
sion steps, its neighborhood grows by 4s and its area grows by E (j,k,s) =
5(24+75+k+2s).

Proof. The neighborhood grows linearly, being equal to j + k + 4. E (j, k, s) is
defined as the number of tiles added to a simple shape by s expansions, therefore :
E (G k,s) =300 ((5+20) + (k+2i) +4) =5(2+7 + &+ 25). 0

2.3 Spines
Definition 6. A simple shape such that a € {1,2} is called a spine.

Theorem 3. A simple shape A can be described as a spine, expanded some finite
number (possibly zero) of times. This description is unique.

We shall next show that there are only 4 kinds of spines. Thus, since we know
the area added by each expansion step, we can calculate the areas of all simple
shapes.

Proof. Of the theorem. If a of A is even, we say that As has dimensions 2, b—a+2,
otherwise 1,0 — a 4+ 1. Either way, A is a spine and expanding it s = (%] -1
times yields exactly A. Then the area of every simple shape is the sum of the
area of its spine A, and the area added in the expansions. We note that starting
from any other spine will result in the wrong shape - a different initial width (or
different number of expansions) results in wrong parity of the final width, and
the same spine width but different different length results in a wrong difference
between length and width. Therefore this description is unique. a

Lemma 4. Let A, be a spine of dimensions a < b, then its area is given by (See
Figure[3):

1. Ifa=1, the area is b+ 1
2. If a =2, then we have the following options:
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+1
(a) If b is odd, then |As| = 2 2 +1)
(b) b is even, of type 1, then |Ag| =

(c) bis even, of type 2, then |Ag| =

3b
2

3b
2

Proof. For a = 1, there are b tiles at distances 0 to b — 1 from one line, and one
more. For a = 2, there are LH—le triplets of tiles. Note that there are two ways of
getting from an odd b to an even one, depending on which boundary is moved,
resulting in different area increases. O

a=1 a=2,b is odd a=2,b is even, type | a=2,b is even, type Il

9% 9%
&

Fig. 5. Spine types and their areas

/1

2.4 Spines of Optimal Shapes

Theorem 4. Let A be a spine with dimension a,b of an optimal shape A, then
a—+4>b.

Later we show that this result, while necessary in our construction, is not tight.

Proof. We assume by contradiction that A is an optimal shape with spine a+4 <
b, extended s times. Then we take the same skeleton with b shortened by 4, and
expanding it s + 1 times we get B, such that |N (4)| = |N (B)].

We will now show that |B| > |A|, contradicting the optimality of A. |A| is the
sum of spine size and E (a, b, ).

First we note that F (a,b—4,s+ 1) — (E (a,b,s)) = a + b, then if a = 1, the
area of the skeletonsisb—4+1and b+ 1, thenb—4+a>a+4—4+a>0=
b—44+1)+(a+b)>b+1.

If @ = 2, in all the variations, subtracting 4 from b reduces the skeleton area
by precisely 2, but the expansions more than offset that because a + b > 2a +
4> 2. O

Corollary 1. The dimensions of spines of optimal shapes are a subset of:
{(1,1),(1,2),(1,3),(1,4),(2,2),(2,3) (2,4), (2,5)}

Recalling Lemma [l we note that spines of dimensions {(2,2), (2,4)} mentioned
above come in two types. As we saw then type 2 spines have strictly more area
than those of type 1, with the same neighborhood. Therefore only type 2 spines
can result in optimal shapes. In this context, each set of spine dimensions results
in a certain spine area and neighborhood size.
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Theorem 5. Let A be a non degenerate optimal shape with dimensions j, k, so
that |N (A)] =4 (m+1) 4+, with i € {0,1,2,3}. Then:

|A| = 2m? 4 (1 +4) m + max {1,i}

Proof. Let a, b be the dimensions of A’s spine, then remembering each expansion
increases the neighborhood size by 4, we see that 4(m+1)+i=j+k+4 =
a+b+4(s+1). One conclusion is that a + b = 7 mod 4, and another is that
§ = W. Hence, denoting |A;| the area of the skeleton of dimensions a, b,
the total area for such a shape is exactly |A| = |4 | + E (a, b, 2mti=a=b),

Below we have a table describing for each ¢ the possible spines for optimal
shapes with |N (A)| = 4m + 4, the shape’s area for each spine, and the spines
resulting in shapes that are sub-optimal for that neighborhood size.

|i]Spine| Spine Type [Spine Area|# of Expansions| Total Area [Sub-opt.|

0((1,3) a=1 3+1 m—1 2m? + 2m yes
0/(2,2)[a=2biseven| 2Z2+2 m—1 2m? +2m + 1
11(1,4) a=1 441 m—1 2m? + 3m yes
1/(2,3)[a=2bisodd | 2B m—1 2m? + 3m + 1
2|(1,1) a=1 1+1 m 2m? +4m + 2
2[(2,49)[a=2bis even| 3142 m—1 2m? + 4m + 2
3|(1,2) a=1 2+1 m 2m? +5m + 3
3|(2,5)| a =2 bis odd @ m—1 2m? +5m+2| yes

O

Theorem [Bl provided a necessary condition for an optimal non degenerate simple
shape A. However, although we have shown the optimal area for every specific
neighborhood size, we are not done yet. We must show that no shape exists
having larger area and smaller neighborhood. This should hold because n (k) is
defined so that it is a non-decreasing sequence.

First we note that for any specific m, |A| is strictly monotonous in i. Further-
more, we see that 2(m+1)>+2(m+1)+1=2m2 +4m+2+2m+2+1=
2m? 4+ 6m +5 > 2m? + 5m + 3, then |A| is strictly monotonous in N (A). Thus,
all size values in the above result are indeed areas of optimal shapes. Therefore:

Theorem 6. The non-degenerate optimal shapes are those simple shapes that
when decomposed into spine and expansion have a spine of one of the fol-
lowing forms: (a,b) € {(1,1),(1,2),(2,2),(2,3)(2,4)} (these spines appear in
Figure[d).
Corollary 2. Let As be a spine with dimension a,b of an optimal shape A, then
a+3>b.

Corollary 2l is a tighter version of theorem [} and can now be verified by inspec-
tion of the list of optimal spines.

Corollary 3. The degenerate simple shapes with areas 0,1,2 are all optimal.

All these appear in Figure [1
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(1,1) (1,2) (2,2) (2,3) (2,4)

Fig. 6. The optimal spines

Proof. There are no other optimal shapes with neighborhoods sizes 0 or 4, and
the other optimal shapes of neighborhood size 6 also have area equal to 2. 0O

KX

Fig. 7. The optimal degenerate shapes: two with dimensions (0,0) and one with (0,2)

We have now identified all the optimal shapes, degenerate and simple, with
explicit expressions for their neighborhood sizes and areas. This allows us to
state that every shape of area k has a neighborhood at least as large as that
of (every) optimal shape with area < k. From this characterization, Theorem [
immediately follows.

3 Alternative Analysis

This section describes an alternative approach to the grid isoperimetric inequal-
ity. Some results similar to those presented in section [2] are rederived, as well as
a new result, concerning the 8-connectivity grid metric.

3.1 Four Connectivity in Z?2

Let A be a finite subset of the Z? grid, having the neighborhood N (A) =
{p € Z*|d (p, A) = 1}, where d is the Manhattan metric d ((a,b), (c,d)) = |d — b|
+ |c — a|. Let us denote n(A) = |[N(A)]|.

For some area k € N let Ayrn (k) be defined as the shape of area k whose
neighborhood is the smallest, namely :

Aprin (k) C Z2 N |Apin (k)| =k
VACZ® (JAl=k)— (n(A) >

Theorem 7. For every positive k, the neighborhood of Anrn (k) is at least as
large as this of the largest digital sphere (assuming 4 Connectivity) of size at
most k, minus two, namely :

Vk €N n(Amin(k)) > max {n(Aspupre) | |Aspaprs| <k} —2
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We provide only the outline of this proof due to space considerations, but the
steps described here are followed in the proof for 8 Connectivity. As we proved
before, any shape A is covered by a simple shape R that has no more neighbours
than A. This simple shape R is enclosed by another simple shape denoted C'R,
that has all of its neighbours on tiles such that the parity of the sum of their
coordinates is constant (if the plane is colored as a chess board, the neighbours
are all of the same color) and such that C'R has at most two more neighbours
than C and A. We call such a shape a Canonical Rectangle. We derive formulae
for the area and boundary size of C'R based on the sizes of its sides a, b, then
find a lower bound on the minimal boundary for a canonical rectangle of the
same area by differentiating by b. This minimum is found when a = b, that is
when the canonical rectangle is a Manhattan sphere.

8

]

Fig. 8. For a shape A, the left chart demonstrates R while the right chart demonstrates
the canonical rectangle CR

3.2 Eight Connectivity in Z2

Let B be a finite subset of the Z? grid, having the neighborhood Ng(B) =
{p € Z*|ds (p, B) = 1}, where ds((a,b), (c,d)) = max{(d — b),(c — a)}. Let us
denote ng(B) = |Ns(B)].

For some area k € N let Byrn(k) be defined as the shape of area k whose
neighborhood is the smallest, namely :

BMIN(k) CZ?A |BMIN(k)| =kA
VB CZ® (|B|=k)— (ns(B)>ns(Burn(k)))

Theorem 8. For every positive k, the size of the neighborhood of Byrn (k) is
at least as large as this of the largest digital sphere (assuming 8 Connectivity) of
size at most k, namely :

Vk € N ng(Buin (k) > max {ns(Bspugre) | |Bspupre| < k}
Note that a digital sphere of radius 3, for example, is a 5 by 5 square.

Proof. Let us denote the bounding rectangle of B by bounding-rectangle(B).
For each of the four sides of bounding-rectangle(B) (i.e. top, right, down, left)
let us denote the last tiles of B that are 4 neighbors of the four sides (assuming
clockwise movement) by 1, 2, 3 and 4 respectively. See an example in Figure [

Let us project all the tiles of bounding-rectangle(B) between points 1 and 2
in 45° down-left, the points between 2 and 3 in 45° up-left, the points between
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Fig.9. An example of the bounding-rectangle and its projection

3 and 4 in 45° up-right and the points between 4 and 1 in 45° down-right. An
example appears in Figure [Q

Clearly, after such projection each tile of bounding-rectangle(B) a 4 neighbor
of at least a single tile of B. In addition, it is impossible that two tiles of bounding-
rectangle(B) will merge in the same spot. Thus, ng(B) is at least the number of
tiles in bounding-rectangle(B), namely :

VB  ng(B) > |bounding-rectangle(B)| (1)

Let R(k) be the smallest rectangle which contains at least k tiles. Let a and
b denote the sides of R(k) and let ¢ denote the number of tiles R(k) comprises.
Then :

c=2(a+b)—4 (2)
Let f(a,b) denote the area of a rectangle of sides a and b :
fla,b) = (a—=2)(b-2) 3)

We would like to find a solution for the following optimization problem :
min ¢ st f(a,b) >k A c=2(a+b)—4
After some arithmetics equation [3 can be written as :

_ [f(a,b)
a= b_2 +2 (4)

Combining this with Zlwe get ¢ = % +2b. Since we require that f(a,b) > k
we can write the following :

Czpém—FQb (5)

Note that while the minimizing b may not be an integer, it still gives a bound

valid over the integer b. In order to minimize p we require that % =2- % =0

and after some arithmetics we get that :
b= Vk+2 (6)

By examining the behavior of % we can see that for b = vk + 2 since k > 1

2
then % > 0, meaning that p is indeed minimized at this point. By assigning the
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value of by, to equations @ and Bl we can see that for by, a = b (meaning that
R(k) is a square — the equivalent of a digital sphere, assuming 8 Connectivity)
and that :

c>4(WVk+1) (7)

It is easy to see that for some sphere B such that |B| = k, ng(B) = 4(vVk+1)
and therefore it is the shape that minimizes the neighborhood for shapes of given
area k. The rest of the Theorem is implied. a
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Abstract. In this paper, we provide an unified view of two definitions
of digital lines in 3D via the use of lattice theory and specific projections
of the lattice Z*. We use this unified vision to explain the extension of
the definition of Voss [I] to an arbitrary dimension and we show how
to extend the definition of Figueiredo and Reveilles [2] to an arbitrary
dimension.

1 Introduction

Digital lines are among the simplest primitives in Digital Geometry. Many defi-
nitions have been proposed by many authors [3], which are almost all equivalent
in 2D. Several drawing algorithms are known as well as several recognition al-
gorithms. All of this explains why digital lines are extremely central for a lot of
digital algorithms. Thus, it is natural to look for an extension of the definition
of 2D digital lines to 3D digital lines. Moreover, as the applications nowadays
manipulate 3D, 4D and sometimes higher dimensional data, extensions of digital
lines to n-D becomes also very important and critical.

Several extensions have been proposed to define 3D digital lines. First, Voss
[1] recalled some previous works by Kim [4] and proposed a definition of n-D
digital lines based on the integer part function |.]. Second, the work of Debled-
Rennesson et al. [56] proposed to define 3D digital lines through their projections
(two or three in the general case) on the planes defined by the axes of the
standard basis of Z3, and used the arithmetical approach of Reveilles [7]. It must
be noticed that [4] also used projections onto the coordinates planes. The work of
Debled et al [6] also leads to a recognition algorithm. A third approach was also
done by Figueiredo and Reveilles in [8,[2] using lattice theory and projections
onto the orthogonal plane of a direction v in Z3. As it can be seen, only the
definition given by Voss [I] extends to an arbitrary dimension. Beside this, we
can note that there exist drawing algorithms of digital lines in n-D [9] based on
displacement vectors. Moreover, the definition of n-D digital lines is related to
the notion of digitization. Some models are presented by Klette [I0] (with the
important correction given in [I1]).

The goal of this paper is to present a unified and generic view of the defini-
tion of Voss [I] and the definition of Figueiredo and Reveilles [2]. Moreover, due

A. Kuba, L.G. Nyul, and K. Paldgyi (Eds.): DGCI 2006, LNCS 4245, pp. 29-F0 2006.
© Springer-Verlag Berlin Heidelberg 2006
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to this unified viewpoint, we also extend the last definition to an arbitrary di-
mension. The main mathematical tools used in this paper are lattice theory and
projections of lattices. We prove in the paper that both definition are obtained
via projection of the lattice Z3 onto specific planes which are the zOy plane for
the definition of Voss and the orthogonal plane - as it was already the case - in
the definition of Figueiredo and Reveilles.

The structure of the paper is as follows. We first recall how to manage sym-
metries in 3D via the octaedral group in section 2. This is followed in section 3
by the construction of the definition of Voss in dimension 3, as well as a recall of
the construction of Figueiredo and Reveilles. We end this section by the presen-
tation of a drawing algorithm. Then in section 4, those approaches are extended
to an arbitrary dimension. We also present some results concerning the basis of
the lattice we manipulate. The paper ends in section 5 with some conclusions
and perspectives.

2 Preliminaries

In 2D, it is usual to restrict the study of digital lines to the first octant where
for each point (z,y), we have 0 < y < z. In higher dimension, we can do the
same following the approach of Reveilles [12]. Hence, we will use the group of
the symmetries of the unit cube in 3D. We denote this octaedral group by Op,.
This group can be identified to the product of the group (%)3 of order 8, and
the group S3 of the permutations of the three letters a, b, c, whose order is 6.
The order of Oy, is thus 48. Its geometrical interpretation is easy using rotations
and symmetries and is given on Fig. [Tl

Fig.1. The octaedral group Oy associated to the decomposition of a cube into 48
tetraedra, each being a transformation of the fundamental domain 0 < a < b < ¢ by
an element of the group Oy,

Using the octaedral group, we could study only the fundamental domain which
is the subset F' of Z3 composed of the integer points (a,b, c) such that 0 < a <
b < c. To generate all possible cases, we simply study the action of Oy, on a triple
of signed symbols (+a, £b, +¢). Each of the eight elements of the subgroup (%)3
of Oy, modify the signs of the symbols and the other six, coming from S3, permute
them. Consequently, Oy, can be identified to the group of 3 x 3 matrices where
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each row and column contains only one value being either +1 or —1. We can
effectively find 48 of such matrices.

Let n = (n1,n2,n3) € Z be a vector and let us denote by Dom,, the domain
of n. The element g, of O, which maps Dom,, onto F' can be constructed as
follows. We sort the matrix whose columns are the n; such that the order of
the first row is increasing. The resulting matrix is the element M,,. Let us now
denote by perm,, : Z3 — Z* and by sgn,, : Z> — Z> the applications

x x x sign(ni)x
permy: |y | v M, |y sgnn |y | sign(na)y
z z z sign(ns)z

where sign(w) is the sign of w. We have g, = sgn,, o perm,,.

3 3D Digital Lines

We present in this section our construction of 3D digital lines using lattices of
R"™ and arithmetics. Recall that if v, v9, ..., v, is a collection of p vectors of R",
then the lattice generated by the collection is the set of all integral combinations

> aivi, Vi=12....p, a; €L

Our approach is based on the study of the repartition of integer points of Z3
in the neighborhood of the integral direction given by the vector (a, b, ¢). We will
define 3D digital lines based on the notion of 1D dotted lines as it is the case for
the two dimensional lines [13]. Using the octaedral group Oy, we suppose that
(a,b, ¢) belongs to the fundamental domain F. Moreover, a, b and ¢ are supposed
to be relatively prime.

Let us denote by £ the set of all Euclidean lines whose direction vector is
v and which contain integer points. We will call 1D dotted lines with direction
v = (a,b,c), the intersection of the Euclidean lines - with direction v - with Z?3.
The plane (P) given by azx + by + ¢z = 0 is a subgroup of R3. The orthogonal
projection of Z3 onto (P) is the intersection of £ and (P) and is a lattice of (P)
denoted by Ep. This lattice is clearly a rational lattice (see Fig. Hl).

It is easy to verify that the intersection of the planes —cx 4+ az = 0 and
—cy + bz = 0 is the line directed by v and passing through the origin. The
intersections of the planes —cz 4+ az = k and —cy + bz = [ where k,l € 7Z also
give a family of lines of direction v. We denote by D this family. It is clear that
€ C D, but the converse is false as the following system shows it,

132 -3z =2 (1)
13y — 5z =3 (2)

corresponds to the line whose direction is (3, 5, 13) but this line does not intersect
Z3. Indeed, the solution of (1) are given by (2 + 3u,0,8 + 13u), u € Z, whereas
the solutions of (2) are (0,6 + 5v,15 + 13v), v € Z. To have an integer solution
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of the system, one must have: 3y, v € Z, 8 + 13p = 15 + 13v ; this is clearly
impossible.

Let us denote by Dp the lattice given by the intersection of D and the plane
(P). It is clear that Ep C Dp. The lattice Ep belonging to (P) is the projection
of all 1D dotted lines, but its use is not very easy. However, we can see it as a
sublattice of Dp. Since Dp is a Cartesian lattice, it is much easier to work with.
These lattices were introduced in [2] to propose a new definition of 3D digital
lines. Beside this definition, we can refer to definition 4.2.3 of Voss [1] of nD
digital lines. In the sequel, we explain how to obtain Voss definition using two
specific lattices whose construction is similar to the one of Ep and Dp of [2].

ns{f -
0hs 1

Fig. 2. The lattices Dgyy, Exy, the line [ with direction (a, b, c) = (3,5, 13)

3.1 The Lattices £,y and Dy,

Let us denote by &, and D, the lattices which are respectively the intersections
of the collection of lines D and £ with the 2Oy plane (see Fig. [2).

Proposition 1. The lattice D,y is the set of integer points of the xOy plane,
given by (%, %) where k and | are arbitrary integers.

Let £ be the line with direction v containing the origin and let [ be its projection
onto the plane z = 0. We then have the following.

Proposition 2. The lattice £, is the set of rationnal points (x — %2,y — bf) of
the plane z = 0 where x,y, z are arbitrary integers.

To efficiently manipulate 3D digital lines, we must clearly understand the lattice
Ezy- To do this, we now give a modular generation of this last lattice.
When z varies in Z, the points (z + 2%,y + %b) are located into unit squares
given by [k, k+1[x[l,14+1[C R? where k and [ are well chosen. We can consider the
ka mod ¢ kb mod ¢

reduction of this series modulo (1,1), that is (#2522, 221eCL) We simplify
the notation by denoting by {%} the value of v mod v, such that the previous

couple is 1 ({ka/c},{kb/c}).
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The ¢ points 1({ka/c},{kb/c}),k = 0,1,2,...,c — 1 of the lattice &, all
belong to the unit square [0, 1[x[0,1[. We denote by Il this set. The whole
lattice &, is obtained by periodic translations of Il4;.. The only consideration
of the lattices D,, and &,y will lead to the notion of 3D digital lines.

First, the points %(za, zb) of &y, belonging to I, are the projections of the
intersections of £ with the planes z = cste. But [ also intersects the unit squares
of R? given by [z, + 1[x[y,y + 1|. These squares are the projection over the
plane z = 0 of the voxels [z, z + 1[x[y,y + 1[x[z, 2 + 1] of R®. Consequently,
the study of the intersections of £ with the unit cube of R? is equivalent to the
study of the intersections of [ with the squares [z, z+ 1[X [y, y+ 1] and the study
of the lattices D,y and Egy.

If we consider the parallel lines to £ containing a point of I1,p., thus the 1D
dotted lines with direction v, we can verify that they intersect the same voxels or
neighboor voxels than £. Hence, the set of intersected voxels is a 26-connected
structure we can call a 3D digital lines.

Among the points of &£, belonging to [/, which are generally rational points,
the one given by k(a,b) = %(a, b) with k € Z are integer points. These are the
projections of the integer points k(a,b,c), k € Z belonging to the line L.

Theorem 1. The projection of k(a,b,c), k € Z of the line L is the series of
integer points of the plane z = 0 given by k(a,b), k € Z. If %(m,n) is a point
different from (0,0) in e, either i = —ma~' mod ¢ or i = —mb~! mod ¢
where a=' (resp. b=1) is the inverse of a (resp. b) in the group 2, then ((m+
ia), L(n+1b)) is an integer point and is the projection of the point (1+ [2] 1+

[%] ,1) of the dotted line parallel to L and containing the point (m,n).

Proof. The first relation on £ has already been given. For the second on an
arbitray dotted lines, as the three integers a, b, ¢ are relatively prime ((a, b, c) =1
where (a, b, c) is the ged of the three numbers), then a or b is invertible mod ¢
(as (m,n) € &y, ma™ = nb~! mod c if both are invertible). Consequently,
m—+ia and n+ b are multiples of c¢. Using the Euclidean division between m+ia
and n + ib, we obtain the last relation of the theorem. a

We now describe the construction of the 3D digital lines A, directed by v and
containing the origin. This line is an union of ¢ 1D dotted lines and L is one of
them. We then apply theorem [ to add one by one 1D dotted lines to Agpe.

We consider the point 1(m,n) = 1((c — 1)a, (¢ — 1)b) of I, and the line &
directed by (a,b) and containing 1(m,n). The sum 1(m,n) + 1(a,b)) is equal
to (a,b), hence the point following 1(m,n) on § is an integer point which is the
projection of the point (1,1,1) (here ¢ = 1). We obtain thus that the 3D line
directed by v and containing the point (1,1, 1) is parallel to L. It is also a 1D
dotted line whose integer points are (1,1,1)+k(a,b,c), k € Z. We add it to Agpe.

By adding the vector 1(2a,2b) to the point (m,n) = 1((c - 2)a, (c — 2)b)
of I, we also obtain an integer point (z,y) of &, (equal to (1,1) or (1,2)
depending on the relative values of a, b, c). This point (z,y) is the projection of
the point (x,y,2) of Z3 defining the 1D dotted line made by the points (x,y,2) +
k(a,b,c), k € Z. We also add it to Agpe.
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We pursue this construction by adding all the dotted lines defined by the
points < ((c—i)a, (¢ — i)b) of ITapc. At the end, when i = ¢, we obtain an integer
point of £. Hence, Ay is periodic with period (a, b, ¢). Its period is composed
of the ¢ first voxels described previously. As (¢ — i)a = —ia mod ¢, it is easy to
compute the z and y coordinates of the voxels.

Fig. 3. The first 13 voxels of the first period followed by the first voxel of the second
one. The direction vector is (a, b, ¢) = (3,5,13).

We thus obtain Voss definition of a 3D digital lines (see Fig. [).

Definition 1. The 8D digital line with direction (a,b,c) and initial conditions
m,n at the origin, where 0 <m < c and 0 < n < ¢, is given by

az—é—m]

[
[=tn]  with z€Z
z

IS IS
Il

Contrarily to the 2D case, choosing m = n = 5 does not produce the approx-
imation with rounding of the Euclidean line. In fact, we will recall that this
Bresenham-like 3D digital line is generated via the lattices £p and Dp.

From the previous study, it becomes easy to find an algorithm to draw the
3D digital lines. Indeed, if we translate the point %(m,n) € I, by the vector
(a,b), 4 cases happen

0<m<c—a and0<n<c—b step (0,0,1)
c—a<m and 0<n<c—5b step (1,0,1)
0<m<c—a andc—b<n step (0,1,1)
c—a<m andc—b<n step (1,1,1)

The 3D digital lines, previously defined, with direction vector n = (a,b,c)
such that 0 < a < b < ¢ and a, b, ¢ relatively prime, are given by the intersection

of two particular digital planes.

Definition 2. A 3D digital lines with direction vector (a,b,c) such that 0 < a <
b < ¢ and a,b,c relatively prime is the set of solutions of the linear systems of
iequalities given by
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y<cr—az<y+c
v <ey—bz<y +ec

The lower bounds can be used to translate the digital line so that it can contain
any given integer point of Z3. Their arithmetical thickness is the integer c. This
number can be replaced by any couple ¢, € of integers in orderto define 3D digital
lines with prescribed thickness.

One on the fundamental properties of 3d digital lines is that they cover Z3.
Moreover, the action of the octahedral group Oy, can be used to define 3D digital
lines with any direction vector.

3.2 The Lattices Dp and Ep

Recall that for a direction vector n = (a,b,c), the canonical lattices attached
to the famillies D and £ are the intersections of these famillies with the plane
(P): az + by + cz = 0. The lattices are respectively Dp and Ep.

The lattice Ep is very interesting since it permits to measure Euclidean dis-
tances between the 1D dotted lines so to locate the integer points which are
closest to an FEuclidean lines with direction vector n. As it was the case for D,
Dp is a cartesian lattice which contains £p and with which it is easier to work.

The coordinates of the points of Dp and £p are more complex that for D,
and &, but their dependances are algegraically similar. We refer to [2] for the
computation. The coordinates of the points of Dp are given by:

(b2 4c?)u—abv

a2 Hp7Fc?
_ (a*+c*)v—adbu

y =  WUEL
_ —c(au+bv)

I

Hence, Dp is generated by the vectors a = b + ¢, —ab, —ac) and
/6 = m(—ab, a2 —+ 02, _bC)

The lattice £p is generated by the reductions modulo o and 8 of the vectors
sz (ac,be, —(a* +b?)),  k € Z. Fig. Al shows a partial view of a lattice Ep
as well as several 1D dotted lines of £.

Both Dp and Ep are planar lattice with rank 2. Then, using a convenient
isometry we can map them onto xOy. After some tedious calculus, the isometric

lattice of Dp is generated by the vectors U = \/(a;+b2)(1, C\/Ea_“b —) and

prmmwel
a?+b2+c?

2+b2+c )
V = c\/(a2+b;)2\+f§22+b2+02) (0,1). The image of the lattice Ep is the reduction
modulo U and V of the vectors k(aU,bV) k € Z. As it can be easily seen, this
situation is the analoguous of the link between D,y and &,,.

Given a point in Ep, the closest points in £p to the given points enables us
to define the notion of closest 3D digital lines (see Fig. Bl). This corresponds to
a Bresenham-like 3D digital lines. To define it, one must sort the points in Ep
around a given point in Ep.

Let 7 : Z3 +— Ep be the application which maps a 1D dotted line to its
intersection with the plane (P), let w be a point of £p and let A, , be the set
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Fig. 4. A part of the lattice Ep where (a,b,c) = (3,5,13) as well as some 1D dotted
lines

w

o
L

Fig.5. The isometric images of Dp and Ep, where (a,b,c) = (3,5,13), in the plane
xOy and a circle of radius 1.17 containing some closest points of one element of Ep

of points in £p belonging to a disk (in plane (P)) with center w and radius p,
then we have the following,

Definition 3. The 3D digital line with best integer approximation of order p
of the 1D dotted line containing the point w of Ep is the reciprocical image
-1

T (Aup)-

Obviously, these 3D digital lines does not cover Z3, which could be a bad be-
haviour. Nevertheless, it guarantees that the digital lines is as closest as possible
of the Euclidean corresponding line.

3.3 3D Segment Drawing

If any segment AB is given let us denote by OV the vector B — A and by
n = (n1,n2,n3) the components of OV divided by their greatest common divider,
so that m1,ng, ng are relatively prime. Construction given in section Bl about the
symmetry group Oy, can be used to give an operator g, mapping the domain of
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n (or OC) to the fundamental domain F of Oy. Let n’ = g,.n = (a,b,c) and
0C’" = g,.0C = (uy,uh,uf) in F.

Operator g, ! followed by the translation of OC to AB leads to a procedure
g(x,y, z) which maps the 3D discrete segment associated with OC’ to the one
associated to AB, (g, being orthogonal g, ! is equal to the transposed of g, ).
Drawing the 3D discrete segment associated to AB is thus reduced to the follow-
ing algorithm giving the discrete approximation of OC” directed by n’ = (a, b, ¢).

Drawing of 3D segment 0C’=(u’1l,u’2,u’3) directed by n’=(a,b,c).
//(a,b,c) satisfy 0<=a<=b<=c and gcd(a,b,c)=1
x=y=0;

// integer division so that line 0C’ is in the
// middle of generated voxels
rx=c/2;
ry=rx
for z = 0 to u’3
draw g(x,y,2);
if rx>=c-a then
rx=rx+a-c;
x=x+1;
else
rx=rx+a;
end if;
if ry>=c-b then
ry=ry+b-c;
y=y+1;
else
ry=ry+b
end if;
end for

4 nD Digital Lines

Let v = (a1,a2,...,a,) € F an integer point in the fondamental domain of
the hyperoctaedral group B,,. This group of order 2".n! can be identified with
integer matrices of order n where each row and column contains one and only
one non-zero term equals to +1.

Let P be the hyperplane whose equation is a1x1 +asz2+...anz, = 0, and Ep
be the lattice obtained by projection of Z™ on P along direction v. We denote
by {u;} 1 <4 < n the canonical basis of Z" and X; the projection of u; onto P
along v. Vectors X; belong to Ep and from equation of hyperplane P we have:

X4 X Xn-1
X = —_ — )+ _
n al(an)-Faz(an) + an—1( o )
We consider the lattice Dp generated in P by the n — 1 vectors —ffi , —2(57 ceey

Xn-1
Qn

; of course Ep is a sublattice of Dp. Moreover, Ep is n — 1 periodic, one
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period being given by Ep N ¢, d denoting the fondamental domain of Dp. Any

point of Ep is obtained by reduction modulo ¢ of integer multiples of X,,.
Let 02 =a? 4+ a2+ - +a2 and 0? = a? + a3+ - -+ (a?) + - - - + a2 where,

in the sum % means omission (so that o? = 0% — a?), then components z;; of

N

—a;a; - . . (o8
X; = (24j) can be computed and we have z;; = —%* if i # j and z;; = % for

i=7.

From these expressions of vectors X; the determinant of the Gram matrix of
Dp can be evaluated giving det((X;.X;)) = a,, showing that domain ¢ contains
a, elements of Ep.

The hypothesis v € F leads to a very natural observation which will be
helpful to define nD digital lines. Computation of the norm of X; — X; gives

02402+ (aita

2

| Xi — X, [|?= TJ) from which inequalities || X; |<|| X; — X || and
| X; I<|| X5 — Xj || can be deduced showing that the set {X1, Xo,... X, 1} is
almost orthogonal in Dp.

Let II; be the hyperplane generated by ui,...,u;,...,u,_1,v where, again,
- means_omission. Intersection II; N P is the subspace of P generated by
X1,...,X;,..., X1 so that these hyperplanes too are almost orthogonal. Def-
inition of digital hyperplanes in Z™ being obvious we can define nD digital line
through 0 and directed by v as the intersection of digital hyperplanes associated
to I]s.

Definition 4. Digital line through 0 directed by v = (a1, as, ..., a,) where 0 <
a1 < ag <--- < ay is the set of integer points solution of the n — 1 diophantine
mequations

—

i Larxr 4+ (@) + o Gn—1Tp—1 F ATy < Vit 1<i<n-—1
- meaning omission.

Vector (7;) is the lower bound and vector (¢;) the arithmetical thickness.

Algorithms can be given to draw digital nD lines defined in this way. They
use a vector of errors p = (r1,72...7,—1 and the simplest one draws 2™ — 1-
connected lines when ¢, = a,, Vi =1,2,...n — 1; again we suppose v € F, the
general case being solved with the help of operators of the Hyperoctaedral group
H\ in a similar way as what has been donne in 3D.

Suppose M = (mq,ma,...,my) is a point in Z" and v = (a1, a2, ...,a,) € F
and ged(a;) = 1, then to obtain the first nbPoints of the n.D and 2" —1-connected
digital line through M and directed by v we have the following algorithm.

nD digital line drawing

M=(m1,m2,...,mn); // starting point

x=(x1,x2,...,xn)=M; // initialization of x variable
v=(al,a2,...,an); // line direction in F and gcd(ai)=1
rho=(an/2,an/2,...,an/2);//n-i components of rho are equal to an/2
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for i=1 to NbPoints
draw x;
for j=1 to n-1
if rj>=an-aj {
rj=rj+aj-an;
xj=xj+1;
}
else
rj=rj+aj;
end if;
end for
end for

Initializing error vector p with half of thickness, that is setting % for all
p’s component we are assured that integer points generated are well distributed
around the euclidean line going through M and directed by v.

Following array shows an application of this algorithm for the drawing of the
first 13 points of the 4D digital line going through origin and directed by vector
v = (3,5,7,13). First 3 lines show evolution of p = (r1,72,r3) error vector and
the last ones are coordinates of approximating points. One period of this line
is thus obtained; following ones are obtained by translating this one by integer
multiples of vector v.

o
w
(=)

rt 69122581114 7 10
ro 611 38051027124 9 16
r3 60 718293104 115 126

zz 000111122 2 2 3 3
z2 00 1122233 3 4 45
rz3 01 122334455 66
zg 01 2345678 9101112

5 Conclusion

We have presented in this paper a unified view of the definitions of Voss [I]
and Figueiredo and Reveilles [2]. This permits us, for instance, to give a short
drawing algorithm in 3D. Moreover, the presentation is extended to an arbitrary
dimension via the use of lattice theory and specific projections. We also give a
13-lines long drawing algorithm for nD digital lines. It should be very interesting
to study the link between this approach and multi-dimensonal continued fraction
given by Arnold [I4] and this is a future work.
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Abstract. In this paper we study the relationship between the Euclid-
ean and the discrete world thru two operations based on the Euclidean
scaling function: the discrete smooth scaling and the discrete based geo-
metrical simplification.
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1 Introduction

The Euclidean and the discrete world are generally considered as antagonists.
Both worlds have different properties and it is reflected in the operations. Oper-
ations might be trivial in one world and difficult to transpose in the other one.
For instance, there isn’t a satisfying discrete rotation that is at the same time
one-to-one and commutative. Two primary properties of the Euclidean rotation.
Boolean operations (intersection, union, difference) that are trivial in the discrete
world become tedious to perform in the Euclidean world because of numerical
errors. The goal of this paper is to show how the specificities of both worlds
can be used to define operations with new interesting properties. To illustrate
this we propose two operations: one in the discrete (discrete smooth scaling)
and one in the Euclidean world (discrete based geometrical simplification). Each
operation is partly performed in the other world with a digitization and/or an
analytical reconstruction step. The digitization process allows us to move from
the Euclidean world to the discrete world. The analytical reconstruction process
allows us to move from the discrete to the Euclidean world.

The first operation that we are proposing is called ”discrete smooth scaling”.
The idea behind this operation is to describe a discrete object in a smaller (finer)
grid. We want to perform this operation without filtering or smoothing. The in-
formation in a discrete cell (pixel, voxel) can be a complex information that can’t
simply be smoothed. So far, discrete scaling didn’t respect geometrical proper-
ties of the object (discrete edge slopes for instance) [I]. To solve this problem, we
perform the dilation in the space best adapted: the Euclidean space. We perform
an analytical reconstruction on the original image followed by a Euclidean scal-
ing. The discretization provides us with the final ”refined” image. This discrete

A. Kuba, L.G. Nyul, and K. Paldgyi (Eds.): DGCI 2006, LNCS 4245, pp. 4152 2006.
© Springer-Verlag Berlin Heidelberg 2006
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smooth scaling operation possesses a remarkable property: the almost stability
by inverse scale. If we make a discrete smooth scale of factor aw > 1 followed by
a discrete smooth scale of factor g = % we obtain the original discrete object
with an error bounded by a factor proportional to é

The second operation is a discrete based geometrical simplification operation.
The operation consists, this time, starting with a Euclidean object, to digitize
with a given grid size and then to reconstruct it. When we reconstruct a discrete
object, the ”shape complexity” (resulting vertice and edge number) depends
on the size of the object. The smaller the object, the less complex the recon-
structed object. It is however difficult to assure a topological consistence between
the initial object and the reconstructed object. An interesting property of this
operation is that the Hausdorff distance between the original object and the
simplified object is bounded by a factor proportional to the grid size.

The interest of these two operations is that they each make use of the prop-
erties of the other world. The discrete operation uses the properties of the
Euclidean world and the Euclidean operation those of the discrete world. These
operations show how the duality between the discrete and the Euclidean world
can be used at our advantage.

In section two, we introduce the basic notions used in this paper such as dis-
crete analytical models, the principle of the analytical reconstruction method
and the notations used through out the paper. In the third section we intro-
duce the discrete discrete smooth scaling operation. In section four we present
the discrete geometrical simplification operation. We conclude and propose some
extensions in section five.

2 Preliminaries

2.1 Basic Notations in Discrete Geometry

The following notations correspond to those given by Cohen and Kaufman in [2]
and those given by Andres in [3]. We provide only a short recall of these notions.

A discrete (resp. Euclidean) point is an element of Z™ (resp. R™ ). A
discrete (resp. Euclidean) object is a set of discrete (resp. Euclidean) points.
We denote p; the ith coordinate of a point p of Z™. The voxel V(p) C R™ of a
discrete nD point p is defined by V(p) = [p1 — 4,p1 4+ 3] X ... X [ — 3, pn + 3.
For a discrete object D, V(D) = ,cp V(p)

In this paper, we use the Hausdorff distance defined by:

Definition 1. Leth be the direct Hausdorff distance: A C R™, B C R", h(A, B) =
mazqe a (Mminpep (dz2(a,b))), where ds is the Fuclidean distance. The Hausdorff
distance H between A and B is H(A, B) = max (h(A, B), h(B, A)).

This paper is based on the relations between the Euclidean and the discrete world
and the way operations can benefit from this duality. We present two operations
that are based on the Euclidean scale function noted Sc. We consider, without
loss of generality, that the center of the scale function Sc is the origin.
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2.2 Digitization and Reconstruction

The basic idea behind this paper is to profit from the possibility to travel between
the discrete world Z"™ and the Euclidean world R™. The transformation from
the discrete to the Euclidean world is called digitization. The transformation
from the Euclidean world to the discrete world is called reconstruction. The
experiments presented in this paper have been conducted with the standard
analytical model [3] (see also Fig. ). The theoretical results are however not
restricted to the standard analytical model and are also verified for a larger class
of digitization schemes. Most of the digitization schemes commonly used seem
actually to fit the definition that follows including the Bresenham algorithms,
the supercover model, the naive digitization, the standard model, etc. Let us try
to propose a characterisation of the digitization schemes that suit the purpose
of this paper.

We consider digitization transforms defined by narrow offset areas. A narrow
offset area O is defined for classes of Euclidean objects. It simply has to verify two
fundamental conditions: A narrow offset area O (E) C R" of a Euclidean object
E must be narrow meaning that if x € O (E)NZ" = V (x) N E # @. It simply
requires that the digitization of an Euclidean object E to be composed of pixels
that are intersected by E. The second condition is a constructive condition. A
narrow offset area must verify a stability property for the union: O (EU F) =
O(E)UO (F).

Definition 2. The digitization based on a narrow offset area is defined by:

D: P(R") — P(Z")
D(E)={peZ'|pecO(E)}=0(E)NZ".

A good way to define a wide class of digitization tranforms is to define the offset
area with a distance d.

O(F)= {xeR"

d(x,E)g%}.

The best known discrete analytical model is called the supercover model [4151[6]
with an offset defined by the Chebyshev distance d,. The distance d; defines the
closed naive model and the distance dy defines the closed pythagorean model. All
distances, of course, don’t verify the narrowness property but many do. There
exist also narrow offset areas that aren’t defined with distances. This is the
case for the Bresenham algorithms, the standard analytical model, the naive
digitization, etc.

Digitization based on narrow offset areas verify, by construction, properties
suchas D(EUF)=D(E)UD(F); D(ENF)CDE)ND(F)and F C G =
D(E) C D(F). These properties ensure that we can build complex discrete
objects out of a set of basic elements. We can, for instance, build all linear
objects out of simplices.

Defining a reconstruction transform is much more difficult. If we want the
reconstruction transform to make any sense we must define some properties that
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Fig. 2. Coherence between discrete and Euclidean world

have to be verified. For any given analytical digitization, we have an infinity of
reconstruction operations [7,[8,@,10]. For instance, it’s natural to associate a
reconstruction transform to a digitization. Indeed, we can define a equivalence
relation ~ between two Euclidean objects E and F by E ~ F iff D (E) = D (F).
There is a one-to-one mapping between the discrete objects and the equivalence
classes defined by . One of the properties of any reconstruction R is to stay in
the equivalence class if we digitize and then reconstruct. Of course, in general,
R (D (E)) # E (see Fig. ).

Definition 3. Reconstruction
A reconstruction operation R : P(Z"™) — P(R"™) associated to an analytical
digitization D is an operation verifying, for any Euclidean object E:

R (D (E)) ~ E.

A property that we won’t have systematically but that will be verified in many
practical situations is: D (R (A)) = A for a given discrete object A. This property
will be verified if there isn’t any missing information in A. For instance, if we
reconstruct a Bresenham line segment, that isn’t missing any pixels, the property
will be verified.

3 Discrete-Euclidean Operations

In this part, we will study two operations linking the discrete and Euclidean
world. The first is an operation from Z" to Z™ that use the Euclidean scale
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properties to define a discrete smooth scale. The second, from R™ to R", uses
the digitization properties to erase details in Euclidean objects.

3.1 Discrete Smooth Scaling

The first operation that we are proposing is called discrete smooth scaling. The
idea behind this operation is to describe a discrete object on a smaller grid. We
want to perform this operation without filtering or smoothing (see Fig. [3). We
therefore perform the dilation in the space best adapted: the Euclidean space.

a) b) - d)

Fig. 3. a) original discrete object. b)reduced grid size. ¢) classical smoothing. d) discrete
smooth scaling.

Definition 4. We call discrete smooth scaling of a discrete object A of Z™ by a
scale o, a € RT* | the following operation denoted DSS,, (A):

DSSy (A) =D o Scq 0 R(A).

We can see in section Ml some examples of this operation on discrete objects.
The operation is meant to work for a« > 1. We can consider scales smaller
than 1 especially in order to define the inverse operation. However the intuitive
DSS. is actually not an exact inverse operation (see Fig. M)). We don’t know
for the moment how to define the exact inverse transform but we can estimate
the error commited with DSS1. This error is due to the reconstruction part
of the operation. We don’t measure the error between two discrete objects A
and DSS1 (DSS, (A)) but between R (A) and Sc1 (R (DSS, (A))). This error
measure is translation independant. :

Note that the error bound we are proposing makes sense for objects veri-
fying D (R (A)) = A. In case of missing information and partial information
reconstruction the result of the theorem that follows stands but it’s not very
meaningful. Measuring an error between an incomplete discrete object and its
scaled and descaled reconstruction isn’t, in our case, very interesting. So, let us
suppose, for what follows, that D (R (A)) = A.

Let us introduce several notations: for a discrete object A, we note Ay;re =
R(A) the reconstruction of the original discrete object and we note
Aot = SC% (R (DSS, (A))) the Euclidean object which discretization is Ajqs:N
Z™ = DSS1 (DSS, (A)). The error measure is a bound on the Hausdorff dis-
tance between both objects.
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AT

Fig. 4. Discrete smooth scaling: inversibility problem

discrete smooth scaling

A —AD = R(A) — A® = Sca(AD) A®) = D(A@)
O 0AY) O 0°(AY) O O(A®)
1

I - A = R(:‘l(g])

@(‘4(5]) i @%(‘4(41) @(A(A])

reverse discrete smooth scaling

Fig. 5. Discrete smooth scaling inversibility

Theorem 1
H (Agirst, Atast) = H (R (4),8cs (R(D(Sca (R(A)))))) < é\/g

Proof (see Fig.[)): Let A be a discrete object and let: Ay = A = R(A) C
R™, A® = Sc,(AV) c R, AG) = D(A?) c 7", AW = R(A®)) c R™,
Apgst = A®) = Sca (AW) c R™ and A®) = D(A®)) c Z". According to our
notations, we have Ayi.g = AW and Aj, = AG®).

Digitization and reconstruction definitions and properties provide the follow-
ing result: A® ~ A® and thus A®) = (0(A®)) NZ" = (O(AW)) N z".
The narrowness property of the digitization tells us that A®) and A® intersect
each voxel of A®) and therefore, each voxel of A®) contains at least one point
of A® and one of A®. The Euclidean distance between these two points is
bounded by the voxel diagonal length: /n. We can generalize: Vo € A®?) 3y €
DW|dy(x,y) < y/n. This implies the following result on the direct Hausdorff dis-
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tance: Vo € A® min,c ) (da(z,y)) < /n and therefore h(A®), AW) < /n.
The same reasoning stands for h(A®*), A®) and leads to h(A®, A®)) < \/n. The
result is : H(A®), A(4)) < /n. We then apply the scale operation Sci.We have

H (Sey (D), Sey (A9)) = H (4D, 40) < Ly since Sey (A?) = A
by construction and Scé (A(4)) = A®) by definition.
Finally: H (Afirst, Aast) < 2/n. O

Here are some comments on these results. The first obvious comment is that
the bigger the scaling factor, the smaller the possible difference between A and
DSS1 (DSSa (A)) is (in case of D (R (4)) = A as already stated). Since R(A) -
Sc1 (R(DSSq (A))) is smaller, there is a lesser chance that it contains a discrete
poicht. The result of our theorem is a quite general bounding value. It doesn’t
take into account the fact that the reconstruction algorithms are deterministic
and that it’s often the case that if A and B are very similar then R(A) is similar
to R(B). This occurs especially for small scale factors. We can thus suppose, and
experimentation supports it, that in many cases the actual Hausdorff distance is
much smaller than the theoretical bounding value we propose. For the case a = 1
we have no difference between Af;rgr = Ajose and thus H (Afirer, Ajast) = 0.

Corollary 1. limg oo H (Afirst, Aiast) = 0.

The corollary tells us that the discrete smooth scaling is invertible when « tends
to infinite. In fact, the discrete smooth scaling operation can be seen as a multi-
scale digitization of the Euclidean scaling function with an approximation factor
«. We can say that when « tends to infinite then DS'S tends to Sc. Some more
theoretical work needs to be done here. Non standard analysis is one way of
looking at this problem [IT].

3.2 Discrete Based Geometrical Simplification

The second operation we have studied and implemented is a discrete based geo-
metrical simplification operation. This operation acts on a Euclidean object that
is first digitized on a given grid size and then reconstructed. According to the
grid size, details are gathered in the same voxel and thus do not appear in the
reconstructed object. The bigger the voxel, the lesser details from the Euclidean
object will remain after the reconstruction. The object is simplified and can be
represented at different levels of details (see Fig.[f). In practice, it’s not the voxel
size that changes but the object size. The object is scaled with the Euclidean
scaling function to fit the grid size. For a scaling factor x the voxel size is %

Definition 5. We call discrete based geometrical simplification of a Fuclidean
object E of R"™ by a factor o, « € R™ the following operation denoted Spo(F):

Spa(E) = Sc1 oRoDoSey (F).
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Fig. 6. Discrete based geometrical simplification principle : a = 1,1 and 1

We remark that the discrete based simplification has a similar property as the
discrete smooth scaling operation: the Hausdorff distance between the original
object and its simplification is bounded by a factor proportional to the grid size.

Theorem 2 1

Proof
Theorem 2 is similar to theorem 1. We proved that

H (R (4),Ses (R(D(Sca (R(A)))))) < L/m for A a discrete object. Now,
R (A) is a Euclidean object so, if we call E = R (A4), we have

H (E Sei (R(D(Sca (E))))) < 1/n. By definition Sci (R (D (Sca (E)))) =
Spa(E) which leads to H(E, Spa(E)) < Ly/n. O

The theorem tells us that the geometrical simplification process respects the
general shape of an object. The error we commit by replacing the Euclidean
object by its simplified version is bounded.

Corollary 2. lim, s Spa (F) = E.

4 Results: Implementation and Illustrations

Let us comment our implementation choices and present some images to illus-
trate the operations. The theoretical results we presented in this paper are valid
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in dimension n for a very large class of digitization and related reconstructions
transforms. We implemented both operations in 2D. We present also an image
of our first results in 3D.

4.1 Implementation

For several years our discrete geometry team develops a multi-representation
modelling software intended to represent objects under four different embeddings
(see Fig. [M): a Euclidean version, its analytical equivalent, the region represen-
tation and finally a discrete 2D pixel or 3D voxel representation. This allows us
to choose the best adapted representation form depending on the type operation
we want to realise.

5

Level 1: region Level 2: a.na.ly

i
Level 0: discrete tical Level 3: continuous

Fig. 7. Multi-representation modeller

In this modeller discrete object are defined using the standard analytic model
[3] (see Fig. ). The reconstruction implemented in the modeller was defined
in [7L[8] and is based on the preimage notion [12]. This algorithm computes the
set of Euclidean hyperplane segments which digitization contains the original
discrete object: R (A) C V (A) (the standard model is a cover). This approach
is based on discrete analytic geometry and is composed of two steps: the regog-
nition of discrete analytical hyperplane segments (see [I0] for an overview on
recognition algorithms) and the analytical polygonalisation of the curve [9[§].

4.2 Illustrations

Here we present illustrations of the discrete smooth scaling transform with scal-
ing factor « = 5 and a = 10.

The reconstruction operation we implemented [7,[8] reconstruct objects with
line segments, plane segments. The discrete smooth scaling is thus quite good
on discrete objects with linear borders. The arrows in Fig. [§ show that on more
circular parts the reconstruction creates less natural reconstruction shapes. This
comes of course from the fact that a circle in low resolution will be reconstructed
as a polygon.

The discrete based geometrical simplification operation decreases object de-
tail level and therefore decreases its complexity. This operation can be used to
simplify object when details are not perceptible by a human observer and when
only the global pattern of the object is meaningful. Our simplification operation
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Fig. 10. Simplification example: a = 1, %, and %

allows to decrease significantly the number of object element to be rendered (see
Fig. [@).

However, as we can see on Fig. [0 for some coeflicients (see dot lines), the
number of object element increases. This is due to the instability of the dig-
itization grid resulting from a simplification with coeflicients in R and to the
non determinism of the number of reconstructed edges. Figure [0 shows several
resulting pictures. We can notice that the object topology is modified: a hole can
appear and then disappear. In [13], authors provide a theorem linking topology
modifications and grid size. This gives only a general bound because the recon-
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Fig. 11. 3D object simplification

struction process in not translation invariant. With a same grid size we can get
different topologies. Object topology not only depends on the grid size but on
its position. The center of the scaling function modifies the end result.

Figure [I0 presents a discrete based simplification example and Fig. [[T] shows
its extention in 3D.

5 Conclusion

In this paper, we have presented two operations that both use Euclidean and
discrete world properties. Both operations are based on the Euclidean scaling
transform. In the first case it scales the object, in the second one, it scales the
grid. Both operations, while they seem quite different have a strong link and we
obtained similar error bounds for them. The first operation is called the ”discrete
smooth scaling”. We bounded the error done while trying to reverse this opera-
tion. The bigger the scale, the closer the discrete operation is to the Euclidean
scaling transform. The discrete smooth scaling can be seen as a digitization of
the Euclidean scale transform.

The second operation is a Euclidean operation that uses the discrete world
properties. We define an operation that digitizes and recontructs Euclidean ob-
jects according to a given grid size. Depending on the grid size, a certain number
of details are gathered in the same pixel and do therefore disappear during the
reconstruction process. The result is a simplified Euclidean object that can be
used in a multi-level representation form. The quality measure of a simplified ob-
ject is a bound of the Hausdorff distance between the simplified and the original
object proportional to the grid size.

In the future we are going to consider discrete-Euclidean transforms based
on Euclidean operations such as rotations, translations and general affine trans-
forms. We are also considering discrete-Euclidean transforms based on discrete
operations such as boolean operations, mathematical morphology operations,
etc. The long term theoretical goal of this study is to better understand the
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relations between the Euclidean and the discrete world. In practice, we hope
to apply this new insight in multi-level topological structure operations or on
multi-scale described objects.
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Abstract. In this paper the nodes of the hexagonal grid are used as
points. Three types of neighbors are used on this grid, therefore neigh-
borhood sequences contain values 1, 2 and 3. The grid is coordinatized
by three coordinates in a symmetric way. Digital circles are classified
based on digital distances using neighborhood sequences. They can be
triangle, hexagon, enneagon and dodecagon. The corners of the convex
hulls of these polygons are computed.

1 Introduction

The classical digital geometry started by [I], where the authors defined the two
basic neighborhood relations on the square grid. The topic is well developed
due to people of image processing and computer graphics communities. We refer
to [2] as a recent textbook on the topic. In [3] the authors used the so-called
neighborhood sequences to vary the neighborhood criterion in a path. They
used only periodic neighborhood sequences in their analysis. Some properties
of distances based on neighborhood sequences are detailed in [4]. Nowadays,
in many applications it is worth to consider other grids than the square one.
The hexagonal grid has some nice properties and it is regular, therefore it is
not too hard to handle it. The geometry of the hexagonal grid with a symmetric
coordinate system is described in [5]. In [6] the neighborhood sequences were also
defined for the hexagonal grid. In this paper we will analyse some properties of
the distances based on neighborhood sequences on this grid.

The structure of the paper is as follows. In the second section we give our
notation, and provide some properties of the concepts introduced. In the other
sections we detail some former results of Das and Chatterji [4] on the hexagonal
grid. We use only initial parts of the neighborhood sequences in our analysis,
therefore we do not care about the periodic property of the whole neighborhood
sequences. In the third section we describe the smallest digital circles of the
hexagonal grid using only a step from the origin. In the fourth section changing
and developments of wave-fronts and digital circles are analysed. We compute
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the coordinate values of the corners of these polygons. In the fifth section we
give a description of all the digital circles with neighborhood sequences in the
hexagonal grid. We show a characterization of them. We present some proper-
ties, in which the hexagonal grid differs from the square grid. In the last section
we summarize our results.

2 Basic Notation and Concepts

In this section we recall some definitions and notation from the literature men-
tioned earlier concerning neighborhood relations and sequences.

There are usually three types of neighbors defined, as Fig. [[l shows, among
the nodes of the hexagonal grid.

In Figure [ a node and its 12 neighbors are shown. Only the 1-neighbors are
directly connected by an edge, the other 2- and 3-neighbors are at the positions
of shorter and longer diagonals, respectively. These relations are reflexive (i.e.,
a node is a 1-, 2-, and a 3-neighbor of itself by definition) and symmetric. In

Fig. 1. Types of neighbors in the hexagonal grid

Fig. 2. Coordinate values of nodes
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addition, all 1-neighbors of a point are its 2-neighbors and all 2-neighbors are
3-neighbors, as well (i.e., they have increasing and inclusion properties).

The coordinate values of the grid were introduced as it is shown in Fig. 2l The
coordinate axes meet at a grid-point called Origin having triplet (0,0,0). They are
the direction of grid-edges starting at the Origin. The coordinate values of each
point can be computed as the sum of steps on the grid-edges taken into direction
of the edges. A step by direction of axis = increases the first coordinate value by
1, while a step to inverse direction decreases the first coordinate. Similarly steps
on the edges parallel to axis y and z modify the second and third coordinate
values, respectively. Three coordinate values are used to address a point taking
advantage of the symmetry of the grid.

With the help of the assigned coordinate values we are able to describe the
grid in a mathematical way. By the presented coordinate system every node
has a unique triplet which exactly shows the place of the node. The hexagonal
grid contains exactly those triplets which have sum of coordinate values 0 or 1.
We call the points with 0-sum value even (their connections have shape Y in
the figure); the points with 1-sum are odd (opposite shape). We can write the
neighborhood relations in the following formal form.

The points P(p(1),p(2),p(3)) and Q(q(1),¢(2), ¢(3)) of the hexagonal grid are
m-neighbors (m = 1,2, 3), if the following two conditions hold:

2. [p(1) = q()[ +[p(2) — q(2)] + [p(3) — q(3)] < m.

It is easy to check that the formal definition above with the presented coor-
dinate values (Fig. [2)) gives the neighborhood relations shown in Fig. [l

Now, we are recalling some concepts about the theory of neighborhood se-
quences. In this paper, we are dealing only with neighborhood sequences in this
grid. The sequence B = (b(4))$2,, where 1 < b(i) < 3 for all i € N, is called a
neighborhood sequence (on the hexagonal grid). When we need only the initial
part up to the [-th element, then we briefly write B; = (b(1),b(2),...,b(1)).

A movement is called a b(7)-step when we move from a point P to a point @
and they are b(i)-neighbors. Let P, @ be two points and B be a neighborhood
sequence. The point-sequence P = Py, Py,..., P, = @, in which we move from
P,_1 to P; by a b(i)-step (1 < i < k), is called a B-path from P to @ of length k.
The B-distance d(P,@; B) from P to @ is defined as the length of the shortest
B-path(s). In a B-path an initial sequence of B is used.

The sequence of 1-neighbor points, for which a coordinate value remains con-
stant, forms a so-called lane. In Fig. @] there are some examples; the black line
shows the lane for which the third coordinate is 0 and the gray lane represents
the lane for which the second value is 0.

Every lane is ‘orthogonal’ to one of the coordinate axes, especially that one
of {z,y, 2}, for which the coordinate value is fixed.

If a point is on an axis, then two of its coordinate-values coincide. For instance
on axis x they are the second and third ones (meaning that the point is on the



56 B. Nagy
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Fig. 3. Examples for lanes

Fig. 4. Lanes and coordinate axes

lanes for which the same value is fixed on axes y and z). See Fig. @l where the
lanes x = 1 and y = 1 are shown with black and dark-gray, respectively. They
are orthogonal to the axes x and y, respectively. The two points where they meet
are on the axis z. It is a nice property of the assignment of coordinates to the
grid, that a point and its symmetric pair mirroring it to an axis have the same
coordinate values, but — if they are not on the symmetry axis, — in a different
order. So a point and its mirror images are identical up to a permutation of their
coordinates.

To use the line between the lanes + = 0 and x = 1 as a symmetry axis such that
these two lanes are mirror images of each others we have the following formula.
The mirror image of the point P(z,y, 2) is given as P'(—(x — 1), —z, —y).

In this paper we investigate the way of a neighborhood sequence spreads in
the digital space starting from a point of the hexagonal grid. This spreading is
translation-invariant among the points of the same parity and it is symmetric
concerning points with different parities. So, for simplicity we may choose the
Origin O(0,0,0) as the starting point.
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Let
Cp, ={P: d(O,P;B) < k}.

Tt is the region (digital circle) occupied by B after the first &k steps.

In [4] Das and Chatterji showed that for every initial part of a neighborhood
sequence in the square grid (using Cartesian coordinates and two types of neigh-
bors), the obtained digital circle is always an octagon. These octagons can be
degenerated, so the digital circles are squares in the following cases: Using only
1-steps in the initial part of the neighborhood sequence we get only four edges
(the corners will be (0, k), (k,0), (0, —k), (—k,0)), while using only 2-steps we get
a square with corners (k, k), (k, —k), (—k, —k), (—k, k). In the case when we use
both 1-step(s) and 2-step(s) our result is a non-degenerated octagon.

The following observations hold in the square grid, and they are true in the
hexagonal case as well:

Remark 1. The convex hull of every Cp, is digitally convez in the usual sense
(see e.g. p. 171, Definition 4.3.4. in [7])

On figures we will use the convex hull as the occupied polygon of the digital
circle. These polygons has sides and corners in the usual sense. Since they are
convex, the sets of the coordinate triplets of corners describe them. (We use the
term corner only for angles less than .)

Remark 2. For any neighborhood sequence B, the sequence of regions (Cp,, )72,
is a strictly monotone increasing sequence. That is, k > | implies Cp, 2 Chp, .

=

In the following sections we will underline some properties which are different
for the digital circles in square grid and in hexagonal grid. Now, we are moving
to describe all digital circles of the hexagonal grid in details.

3 Description of Small Circles

Table [[l shows the three possible circles obtained by a step.

The three circles have four kinds of corners. Corner-type « signs corners with
angle %. Corner-types (3 and v refer for angles %’T (where the sides connected
at a corner type 7y are parallel to some edges and so to coordinate axes of the
hexagonal grid, and the sides at a corner type 3 are orthogonal to some edges
and so to coordinate axes of the grid.) At corners type ¢ the angles are %”. Note
that the circle obtained by a 2-step from O is the same as the circle obtained by
two 1-steps. This property (a circle can have more radii, depending on the used

neighborhood sequences) is not present in the square grid.

Proposition 1. Contrary to the square grid in the hexagonal grid it is possible
for two neighborhood sequences B', B" that Cp; = Cpyr with k # 1.

Let B’ be given such a way that B} = (1,1) and let it hold for B” that B = (2)
then C(l,l) = 0(2)
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Table 1. Digital circles with radius 1 by various steps

Initial part of the The shape of the circle (figure) | Corner-types and coordinates
neighbourhood sequence
1 triangle with number 3 a-type:
a(1,0,0)

a(0,1,0)
@ (0,0,1)

11 hexagon with number 6 S-type:
B(1,-1,0)
£(1,0,-1)
£(0,1,-1)
B0,-1,1)
Coy=Ca.n B(-1,1,0)
B(-1,0,1)

Cay

3 enneagon with
7(1,-1,0)
7(1,0,-1)
7(0,1,-1)
7(0,-1,1)
7(-1,1,0)

Co 7(-1,0,1)
5(1,1,-1)
5(1,-1.1)
S(-1,1,-1)

4 Development of Corners

In [3] the authors analysed the wavefront sets of neighborhood sequences in
the square grid. In this part we are detailing how the wave-fronts are occupying
the hexagonal grid. Because of symmetry it is sufficient to deal with a sixth of
the plane. For our convenience we will use the region between the axes z and
y, especially between the positive part of z and the negative part of y (we refer
here to Fig. 2). One can check that the points P(z,y,z) with z > x > y are
exactly those ones which are in this sixth of the plane. We will call this region
as the analysed section.

It is sufficient to deal with this analysed section since we have the following
statements. For any point P the points obtained by permutating the coordinate-
values of P are exactly the same points as the mirror images of P obtained by
mirroring it to some of the coordinate axes. Every point has the same parity as
its symmetric pairs. Let P be given as (p(1),p(2),p(3)). It is easy to check that,
for instance, the mirror image of P with axis = is P'(p(1),p(3),p(2)). Similar
facts hold for the other mirror points. A point with its mirror images represent
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at most six points. In this case there are not equal coordinate values, i.e. the
point is not on an axis. Every point has a mirror image in the analysed section of
the grid (using only axial mirroring to the coordinate axes). It can be obtained
by permutation of coordinate-values.

Let us check which corners of the small circles are in the analysed section.
C(1) has only one corner in this section, namely «(0,0, 1). C(2) has also only one
corner in this area of the grid, namely 3(0, —1,1), while C(3) has two corners
in the analysed section; they are v(1,—1,1) on axis y and 6(0,—1,1) with an
orthogonal edge to axis z.

Now we analyze how the possible vertices change in the growing steps. Table[2]
lists all kinds of corners occur in different digital circles. (We detail only the
changing way of the coordinate values of those corners which are in the analysed
sixth of the hexagonal plane.) The table shows all possibilities of the evolution
of the corners by a step in the analysed section of the grid. It is due to the facts
that all corners of Table [l (which are in the analysed section) are also in Table[2]
and all possible evolving corners are in Table 2] as well.

Based on Table 2] we summarize the evolution of corners via the growing
procedure.

Proposition 2

— (a) The new corner(s) are b-neighbors of the previous one when we obtain
them by a b-step.

— (b) A corner type o occurs only at digital circle Cy).

— (¢) A corner type v occurs only when two coordinate values have the same
value, i.e. the corner is on an axis.

— (d) In some steps a corner type 3 or a corner type 7y is divided to two corners
type 6.

— (e) If a corner type v remains the same type after a step then it stays on the
same axis as before (by changing the parity).

— (f) The corners type § never change their type, moreover their position is
fixed, i.e. when a side of the corner was orthogonal to an axis then this is
also the case after any kind of step.

— (g) The corners type 6 coming from a corner type v have a side orthogonal
to that axis on which the corner v was.

— (h) In some cases the resulted digital object by a 3-step is the same as the
one obtained by a 2-step.

Proof. Most of the statements above are easy to check. We analyse only the
statements (e) and (f). Let us start with (e).

If a corner y(z,y, z) on the axis y, then = z. If it is even then with a 3-step
we get y(x+ 1,y — 1,2+ 1) which is also on the axis y. Similarly if v is odd then
with a 1-step the first and the third coordinate values do not change, therefore
the new corner is on the axis y as well. The same analysis works when ~ is on
the axis z. It is evident that the parity of the corner is changing by these steps.

To prove (f) assume that §(z,y,z) has an edge which is orthogonal to the
axis y. Then the mirror images of § are also corners. Let &'(z,y,z) be its
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Table 2. Development table of corners by taking a step

original corner: type

corner after a

corner after a 2-

corner after a 3-step

edge orthogonal to
axis z

and coordinates 1-step step

«(0,0,1) B5(0,—1,1) 5(0,—1,2) v(—1,-1,2) on axis z,
6(0,—1,2) with edge or-
thogonal to axis y

B(z,y,z) even B(z,y,z+1) |B(x,y—1,24+1) [6(z,y — 1,2 + 1) with edge
orthogonal to axis z,
8z + Ly — 1,z + 1) with
edge orthogonal to axis z

B(z,y,2) odd B(z,y—1,2) |B(z,y—1,24+1) [6(z,y — 1,2 + 1) with edge
orthogonal to axis vy,
0(x — 1,y — 1,z + 1) with
edge orthogonal to axis z

v(z,y,%2) even on|d(z,y,z + 1),|0(z,y — 1,2 + D|v(z+1,y—1,2+1)

axis y oz +1,y,2) |6(z+1, 1,2)

y(z,y,z) odd on|y(z,y—1,2) |é(z,y— 1 z + 1),|6(z,y — 1,2+ 1),

axis y o(z+1, ,2) 10(x+ 1,y —1,2)

v(z,y,2) even on|y(z,y,z+1) |6(z—1 y,z + 1),|6(x —1,y,2+ 1),

axis z o(z,y—1,241) |6(z,y — 1,2+ 1)

v(z,y,2) odd on|d(zx — 1,y,2),|0(x — Ly,z+ 1),|yv(z — 1L,y — 1,2+ 1)

axis z oz,y—1,2) |6(z,y—1,2+1)

o(x,y, z) even with|d(z,y,z+1) |[0(z,y—1,2+1) |d(z+1,y—1,2+1)

edge orthogonal to

axis y

0(x,y,2z) odd with|d(z,y —1,2) |0(z,y—1,24+1) |§(z,y—1,2+1)

edge orthogonal to

axis y

o(x,y,z) even with|d(z,y,z+1) |[0(z,y—1,24+1) |d(z,y— 1,2+ 1)

edge orthogonal to

axis z

o(x,y,z) odd with|d(z,y —1,2) |[0(z,y—1,2+1) |0(z—1,y—1,z2+1)

symmetric pair to axis y. Then the side of the polygon connecting § and ¢’
is orthogonal to the axis y. After any kind of step the new corners obtained
from 0 and ¢’ have the same property. The proof is similar if one of the edges
connected at corner ¢ is orthogonal to axis z.

As we can see the corner-types are in a closed set, i.e. we cannot step out from

the above used set by the growing steps.
Now, we present a method which calculates the corners of any digital circle.
We are using Table [l and the transition table given in Table [2
Let us calculate the corner of the digital circle with origin (xo,yo, 20) using

the initial part By of a neighborhood sequence B. First we compute the corners

of Cp, using O as origin, and after this we will translate the circle.
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Algorithm

1.

Initially start with corners of the circle Cy(1)y from Table Dl which are in the
analysed section of the grid, where b(1) is the first element of B. Let ¢ = 1.
While ¢ < k let ¢ := i+ 1 and the analysed corners of the new polygon are

from Table 2 by a b(i)-step. (Keep only those ones which are in the analysed
part of the grid.)

Get every point which coordinate values form a permutation of a computed
point. Those are the corners of Cp, .

. If (x0,y0,20) is even then add the vector (zg,yo, 20) to each corner of Cp,

in order to get the result.

If (x0, Y0, 20) is odd then then, first, let the new values of coordinates of the
corners be given by the formula (x,y, 2) — (—(x—1), —z, —y) (they represent
the digital circle with origin (1,0,0) generated by B with radius k);
secondly, add the vector (xg — 1,yo,20) to each corner to obtain the final
result.

Now we present an example. Let us determine the corners of the digital circle

starting from point (—5,3,3) with B4 = (1, 3,1, 2).

1.
2.

b(1) = 1, therefore we start with C(;), so we have «(0,0,1) and i = 1.

i < 4 therefore i := 2, b(i) = b(2) = 3, the result: y(—1, —1,2) and §(0, —1, 2).
1 < 4 therefore i := 3, b(i) = b(3) = 1, y(—1,—1,2) is even and it is on axis
z (the first two coordinates have the same value): v(—1,—1, 3) and
0(0,—1,2) is odd and it has edge orthogonal to the axis y so the new corner:
5(0,-2,2).

1 < 4 therefore i := 4, b(i) = b(4) = 2, v(—1,—1,3) is odd and it is on axis
z, so we get 0(—2,—1,4) and §(—1,—2,4), but the first one is outside of the
analysed section of the plane

0(0,—2,2) is even and it has edge orthogonal to the axis y so the new corner:
0(0,-3,3).

i = 4, the loop of Step 2 is finished.

The corners with permutations: all of them are type-d: (—1,—2,4),
(—2,—1,4), (-1,4,-2), (=2,4,-1), (4,—1,-2), (4, -2, 1) and (0,—3,3),
(0,3,-3), (—3,0,3), (-3,3,0), (3,0,-3), (3,-3,0).

The given origin is odd, so

first we get: (2,—4,2), (3, —4,1), (2,2, —4), (3,1,-4), (=3,2,1), (=3,1,2),
(1,-3,3), (1,3,-3), (4,-3,0), (4,0,-3), (—2,3,0), (2,0, 3).

Secondly, adding (—6, 3, 3) the final result: (—4,—1,5), (=3, —1,4),

(_4757 _]-)7 (_3747 ) ( (_57670)7 (_27073)7

9,5,4), (—9,4,5), (—5,0,6),
(-2,3,0), (—8,6,3), (—8,3,6) and all of them are type-d.

Using the three digital circles with radius 1 and our growing table we get all

possible digital circles of the hexagonal grid. In the next section we will list their
types.
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5 The Shapes of the Digital Circles

In this section - continuing our previous results - we characterize the digital
circles by neighborhood sequences in the hexagonal grid.

Theorem 1. The shape of the digital circle generated by the neighborhood se-
quence B in k steps is a triangle if and only if it is C(yy. The shape is a hexagon
if and only if there is no element 3 in the initial part of B up to the k-th element.
(Except the previous case, in which C(yy is especially a triangle.) The shape is
an enneagon if and only if there is not any element 2 and nor any consecutive
1,1 or 3,8 occur in the initial part By. (Except C(yy.) In every other case the
digital circle is a dodecagon.

Proof. In the first case the triangle has three « corners. According to point (b)
of Proposition[2 only other types of corners can occur at the other digital circles.
With other types of corners it is impossible to get a triangle.

Now let us consider the other digital circles. It is easy to check in Table [ that
starting with an element 2 we get a hexagon with six 8 corners. Moreover by
Table 2l we know that using 1-step and/or 2-step from corners type « and from
corners type 3 the new corners will be type 3 as well. With only corners type
( there must be six of them to make a polygon. Therefore without a 3-step the
result is a hexagon with corners type (.

It is shown in Tabledthat C(s) is an enneagon with three v and six ¢ corners.
The corner y(1,—1,1) is odd and it is on the axis y. Therefore with a 1-step
it grows to a v2 which is even and is on the same axis. (With a 2-step or a
3-step the corner would be divided to two 0 vertices.) From ~2 with a 3-step
s is resulted; it is odd on axis y. (From 2 with a 1-step or a 2-step we would
obtain two § corners.) Since 3 is in the same ’class’ (i.e. in the same row of
Table[2) as v(1,—1,1) the computing cycle is starting again, and it is going on
while the steps are 1-step and 3-step turn by turn. Observe in Table 2] that type
~ corner can be obtained from «, but cannot from (3. Therefore there is no way
to get «y vertices from C(o) and so from any hexagons. From C(;) one can obtain
an enneagon in one way, namely to get C(; 3y. The obtained corner (-1, —1,2)
is even and it is on the axis z. One can check that there is a similar computing
cycle for this v to keep it with only 1-steps and 3-steps by turns. (Leaving this
computing cycle two corners type § are obtained instead of the type v.)

Finally, in all other cases the polygons only have & vertices. When twelve
corners type d are in a digital circle, then it never happens that they change
to another type (see Table 2] and twelve of them are needed for a polygon.
Therefore the last statement is proved. a

Analysing the digital circles on the square and on the hexagonal grid we have
found the following important difference.

In the square grid the region occupied by k steps of a neighborhood sequence
A is independent of the ordering of the first & element of A. (see [4])
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(a) Digital circle by (1,3)  (b) Digital circle by (3,1)

Fig.5. The elements of the neighborhood sequence on the hexagonal grid are not
permutable, in general

Proposition 3. Contrary to the case of the square grid, it is possible for a
neighborhood sequence B and for a k € N, that the region Cp, depends on the
order of the first k elements of B.

Assume that Bj = (1,3) and By = (3, 1) then our regions Cp, and Cpy differ
as Fig. [l shows.

6 Conclusions

In this paper we presented some results about neighborhood sequences on the
hexagonal grid. We made a classification of the digital circles. We gave the
possible types of corners of these digital polygons and studied their development
in the growing procedure. Moreover an algorithm is presented to compute the
coordinate-values of the corners of any digital circle (arbitrary origin, arbitrary
neighborhood sequence and arbitrary radius) on the hexagonal grid. We listed
the types of the digital circles occupied by neighborhood sequences, as well.
Since the convex hulls of the digital circles are convex polygons, the lists of their
corners determine them.

Our results can be used in digital image processing and in the field of networks
as well. It is useful in region growing procedures. In grid-structured networks the
non-common properties are useful. Some digital circles have several radii or the
non permutability of the elements of the neighborhood sequence are exotic prop-
erties. In practice, it would also be interesting to analyse the development of the
wave-front sets in the case of “barrels”, or starting not from a point, but from
other digital object, for instance from a lane. Another possible direction of future
research is the further analysis of meeting waves, etc. It would be interesting if one
mixed our method of region growing with the methods used in practice ( [89L2]).
Extensions to non-regular grids can be topics of further research, as well.
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Abstract. We introduce a new discrete primitive, the blurred piece of a
discrete plane, which relies on the arithmetic definition of discrete planes.
It generalizes such planes, admitting that some points are missing and
then permits to adapt to noisy discrete data. Two recognition algorithms
of such primitives are proposed: the first one is a geometrical algorithm
and minimizes the Euclidean distance and the second one relies on linear
programming and minimizes the vertical distance.

1 Introduction

The recognition of discrete primitives as digital straight lines and digital planes
is a deeply studied problem in digital geometry (see a review in the book [I]).
This problem consists in determining if a set of discrete points corresponds to
a known discrete primitive and, in such case, in identifying its characteristics.
Three main classes of algorithms can be defined:

— Structural algorithms: based on geometric (convex hull, chords) or com-
binatorial (size of the steps) properties of discrete primitives. Indeed, the
structural regularity of these primitives can lead to efficient algorithms.

— Arithmetic algorithms: based on the definition of discrete primitives as Dio-
phantine inequalities, these algorithms make profit of the well defined arith-
metical structure of discrete primitives.

— Dual space algorithms: the recognition problem is translated in a dual space
where each grid point is represented by a double linear constraint. The recog-
nition problem is then defined as a linear programming problem, optimized
using particular knowledge on the constraints geometry.

Recently, a new discrete primitive, the blurred segment [2[3], was introduced
to deal with the noise or artefacts due to the acquisition tools or methods. Re-
lying on an arithmetic definition of discrete lines [4], it generalizes such lines,
admitting that some points are missing. Efficient blurred segments recognition

A. Kuba, L.G. Nyul, and K. Paldgyi (Eds.): DGCI 2006, LNCS 4245, pp. 65-[76] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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algorithms were proposed [2BL[5] and they were used in applications in image
analysis [0]. In the same framework, we introduce in the paper the new notion of
blurred pieces of discrete planes, relying on the definition of arithmetic discrete
plane [7] by considering a variable thickness.

Two recognition algorithms of blurred pieces of discrete planes are proposed.
The first one is based on a structural approach: the computation of the con-
vex hull of the given voxels is done while we search for the two parallel planes
that mark out this convex hull and that minimize the Euclidean distance be-
tween themselves. An incremental algorithm is given. The second one is based
on a dual space approach in the context of linear programming: the recog-
nition problem is modelled by a system of linear constraints defined by the
initial set of points. The simplex algorithm is then used to solve the prob-
lem by minimizing the vertical distance between two parallel planes containing
all the points of the initial set. A geometrical interpretation of this method
is also given. The codes of these algorithms and examples are available on
http://www.loria.fr/~debled/BlurredPlane.

In section 2, after recalling definitions and basic properties of arithmetic dis-
crete planes, we define the related notion of blurred pieces of discrete planes and
optimal bounding planes. Then, in section 3, a geometrical method is proposed
to solve the recognition problem by minimizing the Euclidean distance. The sec-
ond method, based on linear programming, is presented in section 4 as well as
a geometrical interpretation of the dual problem. The paper ends up with some
conclusions and perspectives in section 5.

2 Blurred Pieces of Discrete Planes

An arithmetic discrete plane [7], named P(a,b,c, u,w), is a set of integer
points (z,y,2) verifying u < ax + by + cz < u + w where (a,b,c) € Z3 is
the normal vector. ;4 € Z is named the translation constant and w € Z the
arithmetical thickness.

The two real planes, defined by the following equations: ax + by + ¢z = pu and
ax + by + cz = p+w — 1, are called the leaning planes of P(a,b,c, u,w). All
the points of P are located between the leaning planes of P.

We hereafter propose a generalization of the notion of discrete plane relying on
the arithmetical definition and admitting that some points are missing. Consider
a norm N on R3. We define the notion of bounding plane, relative to N, as
follows:

Definition 1. Let £ be a set of points in Z3. We say that the discrete plane
P(a,b,c, u,w) is a bounding plane of £ if all the points of € belong to P. We
call width of P(a,b,c, p,w), the value N(“;;blc).

Interpretation of the Width:

1. if N = |- |l2, the width NL(Ua_blc) represents the Euclidean distance between
the two leaning planes of the bounding plane P(a, b, ¢, i, w). Indeed, let P :
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ax+by+cz=pand P; : ax+by+cz = p+w —1 be the two leaning planes
of P. As P, and P, are parallel, the distance between P; and P, is equal to

|ptw—1—p| -1
T e |\(:,Jb,c)\|2 since w > 0.
2. if N = || - ||oo, the width N‘("a’blc) represents the distance according to the

main direction of the vector (a,b,c). Indeed and without loss of generality
we can assume that max(|al,|b|, |¢|) = |¢|, which means the main direction
is the Oz axis. Let My(z1,y1,21) € P1 and Ms(z2,y2,22) € P> such that
x1 = 29 and y; = ya. The distance between Py and P is equal to |21 — 23| =

|C(21|*Z2)| _ |a($1*yz)er(yIl*'yz)JrC(Zl*Zz)l _ |H*(H|+|w*1)| because M; € P, and
(& (& (&

. w—1 .
My € Py, ie. Tabol= Since w > 0.

Fig. 1. A width-3 blurred piece of discrete plane (a and b), its optimal bounding planes
(c) for Euclidean norm: P2(4, 8,19, —80,49) and the width of P> = 2.28 (d) for infinity
norm: Po(31, 65,157, —680,397) and the width of Pos = 2.52. The leaning planes and
corresponding leaning points of P2 and Pos are respectively drawn on (a,c) and (b,d).

Definition 2. Let £ be a point set in Z3. A bounding plane of £ is said optimal
if its width is minimal.

This leads us to the definition of a blurred piece of discrete plane (Fig. [I).

Definition 3. A point set £ in Z3 is a width-v blurred piece of discrete
plane if and only if the width of its optimal bounding plane is less or equal to v.
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In the following sections we propose two algorithms which solve the recognition
problem of blurred pieces of discrete planes. For a given set of points £ in Z3
and a width v these algorithms decide whether £ is a width-v blurred piece of
discrete plane. In addition, they give the characteristics of an optimal bounding
plane of £ for which the width is minimal. We also show how these algorithms
can be made incremental.

3 Geometrical Method for the Recognition of Blurred
Pieces of Discrete Planes

The first approach allows to solve the problem in terms of the norm || - ||2. It
relies on the computation of the width of a point set in 3-space [8,9].

Definition 4. Let E be a set of points in R? and P a real plane. We say that
P is a plane of support of E if all the points of E are located in one of the
two half-spaces delimited by P and such that PN E # ().

Definition 5. The width of E is the smallest (Euclidean) distance between two
parallel planes of support of E called width planes.

The link with our problem is the following: if E is a set of points in Z3 then
the width planes coincide with the leaning planes of an optimal bounding plane
of E and the width of F is equal to the width of this optimal bounding plane.
For that reason, computing the width and deducing the width planes allow to
recognize blurred pieces of discrete planes.

3.1 Width Computation

We are looking for two parallel planes P; : ax + Sy + vz + 6 = 0 and Ps :
[62—04]

ax + By + vz + d2 = 0 which minimize the distance \/W between P; and
P and such that, for all points p(ps, py, p-) € E, we have p, + 8p, +vp.+061 <0
and p, + Opy + vp. + 62 > 0. For this purpose we can see that the width of £
is the same as the width of its convex hull CH(E) [8]. It is due to the fact that
CH(E) is the intersection of all the half-spaces containing all the points of E.
We can then simplify the problem by introducing antipodal pairs. Consider the
convex hull of a set of points E in 3-space. Two of its edges form an antipodal
edge-edge (E-E) pair when two parallel planes of support of E contain these
edges. Similarly, we define vertex-vertex (V-V), face-face (F-F), vertex-
face (V-F), verter-edge (V-E) and edge-face (E-F) pairs.

In [§], M.E. Houle and G.T. Toussaint show that, to compute the width of
FE, it is sufficient to focus only on parallel planes which contain an E-E pair or
a V-F pair. Therefore, we will enumerate all the E-E and V-F pairs of CH(E)
and keep the ones whose distance is minimal.

In [9], B. Gartner and T. Herrmann propose a direct approach relying on the
geometry and combinatorial properties of the convex hull. The method is inspired
from the rotating calipers [10] but generalized to the three-dimensional space.
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They start with an arbitrary face f of CH(E) and determine its antipodal
vertices V. = {v1,...,v;} by exploring all the vertices of CH(E). Thus, they
obtain an initial V-F pair and the two parallel planes P; and P, supporting V'
and f respectively. Next, they rotate the two planes about an incident edge e
of f until P, supports the other facet f’ incident to e. During this rotation the
parallelism and the supporting property of the two planes are preserved and all
E-E pairs belonging to e as well as the antipodal vertices of f’ are reported.

The important part is as follows: given a V-E pair (w,e) and two parallel
planes P; and P, supporting w and e respectively, two events of interest might
happen during the rotation of P, about e:

1. P, supports a new face f’ incident to e, a new V-F pair (w, f’) is found.
2. Py supports an additional vertex v, a new E-E pair ((wv),a) is found.

Thus, a rotation about an edge e of CH(E) allows to get all E-E pairs be-
longing to e and all V-F belonging to the two incident faces of e. Hence, by
rotating about all the edges of CH(E) we get all the possible E-E and V-F pairs
of CH(E). At least one of them belongs to the width planes and the distance
between these planes is the width W of F.

As W represents the width of an optimal bounding plane of E, if W < v then
E is a width-v blurred piece of discrete plane.

Furthermore, we can obtain the characteristics of this optimal bounding plane.
As the width planes coincide with the leaning planes of the bounding plane
P(a,b,c, p,w) of E, we have a = o, b = [ and ¢ = 7. Relying on the width
interpretation in Section 2, we get w = |62 — §1| + 1. Lastly, owing to the leaning
planes equations, p = min(—dy, —d2).

3.2 Incremental Algorithm

Here we propose an incremental version, in order to get an algorithm which gives
the characteristics of an optimal bounding plane of E each time we add a new
point. A naive method consists in recomputing the width of E each time we add
a point. Nevertheless some observations allow to improve this process.

On the one hand, only one point differs from one step to another. Thus, we
can advantageously replace the computation of the convex hull of all the points
of E by an incremental computation ( [I1] pp 235-246). Let us briefly recall

"a\
Kl oM
Y =
c,
C i+1
(b)

Fig. 2. @ The horizon from M; @ Adding a point to the convex hull
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the procedure. At a general step i of the algorithm, a convex hull C; is given
and we add a new point M. If it lies inside C; or on its boundary, then there is
nothing to be done. Otherwise we look for all the visibld] faces of C;, standing
from M. This set of faces is enclosed by a curve called horizon (Fig. .
All the visible faces are removed from C; and replaced by new ones created by
joining each vertex of the horizon to the point M (Fig. . Some of them
could be coplanar with non-visible faces so they have to be merged together.
The resulting polytope is the new convex hull Cj .

On the other hand, we can observe that, at each step of the algorithm, we
know the characteristics of an optimal bounding plane P(a,b,c, u,w) of £. So,
if we add a point M (xp, ynm, 2m), we can compute the remainder value of M
relative to P: rp (M) = ax s +byas + ¢z — - According to a property of discrete
planes, if rps € [0,w — 1] then M € P, so it is useless to recompute the width of
& since it does not change.

Algorithm 1. Incremental Recognition

Data: £ € Z3, the convex hull C of £, the characteristics a, b, ¢, x and w of the
optimal bounding plane of £

Input: A point M € Z*

Result: The updated data after the addition of M

1 begin

2 E—EEUM

3 Update C' using the incremental process
4 rM — axn + bynm + ez — p

5 if rar ¢ [0,w — 1] then

6 (a, B,7,01,02) <— ComputeWidthPlanes(C)
7 a+— a

8 b—p

9 c—
10 u «— min(—4d1, —d2)
11 w<—|52—51|—|—1
12 end

This leads to the incremental procedure described in Algorithm [l The func-
tion ComputeWidthtPlanes(C) at line [G computes the width planes of C' ac-
cording to the method described in Section Bl The returned tuple contains the
coeflicients of these planes.

Complexity: In [9], Gartner and Herrmann showed that the complexity of com-
puting the function ComputeWidthPlanes(C) is O(n?), where n is the number
of points in £. As the other instructions of Algorithm [I] run in constant time,

! Consider a plane P; containing a face f of the convex hull. By convexity, this convex
hull is completely contained in one of the closed half-spaces defined by Py. The face
f is wvisible from a point if that point is located in the open half-space on the other
side of Py.
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we obtain a complexity of O(n?) for our incremental procedure. We need to use
this incremental procedure each time we add a point to £. Thus, we obtain an
O(n3) worst case complexity for a set £ of n points. Nevertheless, in practice,
the recognition process seems rather linear.

4 Linear Programming Method

The second method relies on linear programming and permits to solve the prob-
lem by considering the norm || - ||oo. We recall in the following section the general
formulation of a linear programming problem and the simplex algorithm. The
problem of recognition of blurred pieces of discrete planes is then modelled in
that way in Section 4.2.

4.1 The Simplex Algorithm

Formulation. We try to identify a minimum point z* € R¢ of a function
f(z) : R — R where z = (z1,...,24). Moreover, x* must satisfy a set of n
constraints G = (g;(x) < bi)i<i<n. LP is the specialization of mathematical
programming to the case where both, the objective function f and the problem
constraints G are linear. Let A(n x d) denote a matrix of n rows and d columns.
Let ¢(d), b(n) and z(d) denote three column vectors of size d and n. Thus, we
can write our LP problem in such a way: Min c¢f.z subject to A -z < b and
z > 0. We call the standard form the equivalent rewriting: Min c¢’t.2’ subject to
A2 =band 2/ > 0 where A’ = [A|Identity(n x n)], ¢ = [c|Zero(n)]. The n
inserted variables in the standard form are called the slack variables.

The simplex algorithm. This method, developed by George Dantzig 1947,
provides a powerful computational tool (see [12] for details). It operates on the
formulation of the standard form. We have n + d variables and n equalities in
the system Az = b, we can extract a nonsingular matrix B of rank n relative to
this system of equations.

The basis corresponds to the indices of the columns extracted from A to create

B. In the simplex method, the nonbasic variables, denoted by xn = (x;)1<i<n+a
i¢basis

are forced to be zero. The basic variables xp = (x;)icpasis are thus equal to
B~'b. A solution z associated with a basis B is called feasible when it verifies
xzp > 0.

The simplex algorithm starts from a feasible solution. At each iteration, the
program computes a new basis in such a way that the new basic solution is
feasible and that the objective function has decreased or remains unchanged. To
build the new basis, one nonbasic variable is reclassified as basic and vice versa.
Which variable can we choose ? Let N denote the columns of A whose indices
are not in the basis. From Az = b, we have: [B|N].[zp,zn] = b. As B is a non-
singular matrix, we obtain: xg = B~'.(b— N.xx). The objective function can be
rewritten as: f(z) = c'.x = cglap +entiay = (ent —cp'B7IN)zy + 5B~ 1b.
This rewriting is not depending on the variables xp. Thus, as the variables
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are positive, if there exists no negative value in the reduced cost vector rct =
ent — et BN, we have found the minimum z*.

If there exists a negative value, then we can decrease the current value of the
objective function by increasing the corresponding variable x; of xy. As x; is
no more zero, at the next iteration, it will be reclassified as a basic variable.
By increasing x;, the values of the basic variables change. If they all increase,
the problem is unbounded, it means that the minimum value for the objective
function is —oo. In the other case, where some basic variables decrease when x;
increases, the first basic variable x; that reaches zero will stop the increase of
x;. Thus, x; leaves the basis.

To determine the index k, let consider the equalities x5 = B~1.(b — N.zy).
Only z; is now nonzero among zy, so we have xg = B~'.b — B~ Ajz;. Let b
and P denote B~'b and B~'A;. Values in b are positive, so only the indices
associated with a positive value in P are of interest. The previous condition
b—Px; >0 implies that for all ¢ in the basis with P; > 0, we have: z; < b_Z/PZ
It follows that k = index of min; p,~o{bi/P;}.

function Min-Simplex(A b,c,basis)

Repeat
1- Extract B,cp from A // relative to the current basis
2- b=B"1
3- 7/ =ct —(cp!B71).A // equivalent version of rc¢
4- If (rd’ > 0) return b // optimum found (< for a Max)
5- Choose ! such that r¢j <0 // x; enters the basis (> 0 for a Max)
6- P = BilAl
7- If P < 0return unbounded
8- k = min; p,>0{bi/P;} // (same thing for a Max)

9- basis — basis\{k} U {l}

Duality theorem. Associated with each Primal LP problem is a companion
problem called the Dual. The main theorem of LP proves that the Primal prob-
lem is infeasible iff the Dual problem is unbounded and vice versa. Moreover,
one problem has an optimum iff the other problem has an optimum. The two op-
timum values are equal. Moreover, if cg and B are the matrices associated with
the optimum in the Dual, then the optimum in the Primal is equal to ¢, B~

Primal: (i) Min ¢!.x ~ +— Dual: Max bf.\

Subject to: (i) A.x >b «—— Subject to: A >0
(i) Aw =b AER
(iv)x >0 — At x<e¢
(v)z eR — AtXx=c

4.2 Modelling the Recognition Problem

In this way, we compute the minimum vertical distance between two parallel
planes whose slopes relative to the z-axis and the y-axis are between +m/2.
Indeed, let us recall the given problem, we are looking for the characteristics
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a,b,c, p,w of an optimal discrete plane bounding P for a set of n points by
minimizing the vertical distance between its two leaning planes. By considering
a=-2, 0= —%, h = £ and e = “Tfl, the problem may be reformulated
as follows: for a given set of n points (z;,y;,2;), we want to find two planes
P: z(z,y) = ax+ By+hand P : 2 (x,y) = ax+ B.y+ h+ e such that
all the points are located between P and P’ and such that e is minimal. We
obtain one couple of inequalities for each entered point: a.x; + B.y; + h < z; and

Primal Dual standard form
Min e Max [-z1...72n | 21...2n | -1-1-1-10].A
—a.z; — By, —h > -z _;jl _gaj” Zl Zj” _01 (1) 01 (1) 8 A1
) . > . Y1 eer Yn Y1 - Yn - _
ia_'"””ﬁﬂ‘i/;*h”*'z’ 1.1 1. 100000] |,
T 0..0 1..100001 2nts
ol <1, 18] <1

a,B,heR, e>0 A>0

_— o o o

We gather the two different types of inequalities on each side of the matrix.
Working in the Primal problem with the standard form forces to manage a large
sparse matrix of size (2n+4) x (2n+8). The Dual allows to bypass this problem
with a 4 X (2n 4 5) matrix ((i), (ii) and (v) in 4.1). We can easily check that the
basis {1, A2nt1, A2nt3, A2nts} where B~1b = [0 0 0 1]* > 0 is always a feasible
basis for the Dual problem.

Geometrical Interpretation of the Dual Problem

The basis of the Dual problem is associated with four inequalities in the Primal
problem. So when )\; is in the basis, the i*" inequality in the Primal problem
corresponds to an equality. For example, when \;,; 1 < ¢ < n is in the basis, the
it" inequality implies a.z; + B.y; + h = z;, this means that the point p; belongs
to the lower plane P. When n < ¢ < 2n, the point p;,_,, belongs to the upper
plane P’. In the same way, the variables Aoj41, ..., A2pt5 are associated with
the cases: a =1,a=-1,0=1,0=—1ore =0.

The vector ¢, B! in the Dual transforms the current basis into the primal
variables. This follows from the previous remark. Let K denote the matrix cor-
responding to the equalities retained in the Primal problem. The current system
verifies: K-[a B he]t = b5 Thus, we have: [a B he] = (Kt pErimal)t —
(bgrimal)t : (Kt)_l = CtB Dual * BB'LIJ,al

Reduced cost optimality condition. The simplex algorithm maximizes a
function in the Dual. So, it stops when it finds an rc vector with negative values
(line 4). We easily verify that: rct = ¢! — (cg!B™1).A = [ (-z; + [ + Byi +
h)i<i<n | (zi — [a.zi + By +h+e])i<i<n | -14+a | -1-a | - 145 | -1-0 | -e ]. As all
these values are negative, this implies that the inequalities of the Primal are all
verified. The Dual program stops when it finds two parallel planes that include
all the points and that have valid slopes.
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The objective function in the Dual is quite obscure. Nevertheless relative
to the theorem of Duality, the dual objective function must represent the same
thing than the Primal function. In fact, we have f(A\) = c5p,0 (B opual) =
(C%DualBil)bDual = [ « 5 he ] X CPrimal = €.

The core of the algorithm. Each iteration is associated with a feasible basis.
We only consider in the following the two most important cases with all the ba-
sic variables \; such that 1 < i < 2n. Other subcases can be processed without
difficulty. The configuration 1 < i, 7, k,I < n for the indices of the basic variables
is not possible because the corresponding matrix B would be singular.

Configuration 1: 1 < 4,5,k < n < [ < 2n. In this case, the three points
Di(i, ¥i), 0 (x5, Y;5), Pe(Tk, yx) define the lower plane P and the parallel plane
P’ is supported by p;—,. The matrix B is equal to [ -z; -y; -1 0 | -z; -y; -1 0 | -
Tk -yk -1 0| Tj_p y1—n 1 1 ]. Wlog, we can assume that the point p;_,, corresponds
to the origin, this allows to simplify the writing of the matrix B to [-z; -y; -1 0 | -
zj-y; -1 0| -z -y -1 0] 001 1]. Let N; denote the two-dimensional vector

(x;,9:). The vector B~1b is equal to: [gﬁt?g;, ggﬁggﬁ Z[(ZtA(g) ;1]. As the matrix

B is nonsingular and det(B) = —det([ z; y; 1 | ©j y; 1 | 1 yr 1]) the three
points p;, pj, pr. must not be colinear. Suppose that the three points IV;N; Ny, lie
in clockwise order, so det(B) > 0. As B~1b > 0, Ny A Nj, N; A Ni, and N;j A N;
are positive. Such a situation can appear only when the point p;_,, lies inside
the triangle N;N; N}, relative to the projection into the O, plane.

Configuration 2: 1 < 4,j < n < k,l < 2n. The planes P (resp. P’) is sup-
ported by the segment p;p; (resp. px—nPi—n). As they are parallel, this couple
of planes is unique. Consider that the point p;_,, is centered on the origin, we
have B~1b = [Ny A N;/A;Ni AN Np/A;..;...] with A = (N; — Nj) A Ng. Ais
nonzero iff the segment p;p; and the segment py_n,pi—, are not colinear in the
Ozy plane. It follows that N A N; and Nj A N; have not the same sign. Thus,
the segment p;p; crosses the line (py—npi—n). When we center the origin on p;,
we symmetrically obtain the same result. Thus, this case is associated with two
segments p;p; and pr_n,pi—rn that intersect each other relative to a projection
into the Oxy plane.

Configuration 3: It is equivalent to the first configuration.

Variables interchanging. We traverse all the set of points. For each point,
we consider its vertical distance from P when it lies under P or from P’ when it
lies above P’. If no points are found, our problem is solved. Otherwise, we select
the point that is the vertically farthest point from P and P’. The associated
variable A\, enters the basis. In the Configuration 1, we have three equalities
of the type: a.x+ 3.y + h = z. When we select a variable A, of the same type, it
means with 1 < u < n, we can not withdraw p;_,,, otherwise we would obtain a
basis with four equalities of the same type and this configuration is not possible.
Thus the new basis will remain in configuration 1. So, the new point p, replaces
the sole point among p;,p; and py that will preserve the constraint: p,_, lies



Recognition of Blurred Pieces of Discrete Planes

75

conf. 1a| p;

‘ Oxy

conf. Za‘

Pi—mn

Pk—n

Fig. 3. Different configurations relative to the basis and the entering variable

inside the new triangle relative to the Oxy plane. As p,_, is under the plane
P defined by p;pjpk, the current thickness e has also increased (see Fig. [Bl1a).
In the other case where n < u < 2n, two possibilities can appear. When p,_,,
lies inside the triangle, it simply replaces its equivalent point p; and e increases.
When p,_,, lies outside, we cannot achieve a configuration of type 1, thus we
move to a configuration of type 2. For this, the segment that supports P’ is also
Pu—nPi—n- The other segment corresponds to the sole edge of the triangle that
crosses this segment relative to the Ozy plane. p,_, lies at a vertical distance
greater than the one defined by the triangle and p;_,,. Moreover, this distance
is equal to the distance between the two retained segments, so the new config-
uration increases the value of e (see Fig. Bl1b). In the Configuration 2, when
a variable A\, 1 < u < n is selected, we have two possibilities. To remain in
the same configuration, p,, must replace a point in such a way that the two new
segments cross each other relative to the Oxy plane (see Fig. Bl2a). When this
is not attainable, one of the two points px_, or p;—, inevitably belongs to the
triangle p;p;p, and we then shift to a configuration of type 1 (see Fig. Bl2b).
Other interchangings can be deduced from the ones exposed in this section.

Convergence and complexity. As the Primal is feasible (choose a large value
for e), the Dual is never unbounded and we can suppress the processing of this
particular case. As we select a point outside of two parallel planes, we know that
the vertical distance (the objective function) strictly increases at each iteration.
Thus, unlike in the general case, the simplex algorithm applied to this recogni-
tion problem can not cycle. Moreover, we have at most C3,,, 5 = O(n*) possible
feasible basis. Thus, we obtain an O(k?) time complexity where k represents the
number of the vertices of the convex hull of the given points. In practice, this
quantity is relatively small compared to the number of points.

The incremental version. When a new point is inserted, it may lie between
the two planes P and P’. In this case, the previous solution remains optimal
and nothing has to be done. Otherwise, two columns are added to the matrix
A in the Dual. Next, using the last processed feasible basis, we launch a new
sequence of iterations until the new optimum solution is found.
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5 Conclusion

We proposed in this paper a new definition of discrete primitives: the blurred
pieces of discrete planes. These discrete primitives allow to deal with the noise
present in discrete data by varying a parameter. Two recognition algorithms are
given. The first one is a geometric algorithm, based on the convex hull of the
considered set of points and its result is the optimal bounding plane for which the
Euclidean distance is minimal. The second one is based on the simplex algorithm
and its output corresponds to the optimal bounding plane for which the vertical
distance is minimal. The codes of these two algorithms and examples of use
are available on http://www.loria.fr/~debled/BlurredPlane. A work about
the comparison between these two methods is in progress. Moreover we intend
to use these algorithms in the framework of the boundary segmentation of 3D
noisy discrete objects. Our aim is to obtain an algorithm of polyhedrization of
3D noisy discrete objects by controlling the approximations done.
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Abstract. The number of line-convex directed polyominoes with given
horizontal and vertical projections is studied. It is proven that diagonally
convex directed polyominoes are uniquely determined by their orthogonal
projections. The proof of this result is algorithmical. As a counterpart,
we show that ambiguity can be exponential if antidiagonal convexity is
assumed about the polyomino. Then, the results are generalised to poly-
ominoes having convexity property along arbitrary lines.

Keywords: Discrete tomography; line-convex directed polyomino; re-
construction from projections.

1 Introduction

The reconstruction of two-dimensional discrete sets (the finite subsets of Z?)
from their projections is a frequently studied area of discrete tomography [1]
and it has its applications in pattern recognition, image processing, electron
microscopy, and radiology [2BLALGEL6]. For practical reasons the number of pro-
jections used in the reconstruction is small (usually two or four). Thus, in certain
cases the number of discrete sets having the same projections can be extremely
large leading to a reconstructed set which is possibly quite dissimilar to the
original one. A commonly used technique to reduce the number of solutions is
to suppose having some a priori information of the set to be reconstructed such
as convexity, connectedness and directedness. Some properties imposed on the
set to be reconstructed completely eliminate ambiguity and make it possible to
develope efficient reconstruction algorithms [7}[80]. However, there are classes of
discrete sets where ambiguity is only partially eliminated making the reconstruc-
tion of the set very difficult [IOJIT]. In this paper we investigate the problem of
ambiguity when the set to be reconstructed must be line-convex, connected, and
directed.

This contribution is structured as follows. First, the necessary definitions are
introduced in Section 2l In Section [l we study diagonally convex directed poly-
ominoes. We give a uniqueness result for this class and derive an algorithm for

A. Kuba, L.G. Nyul, and K. Paldgyi (Eds.): DGCI 2006, LNCS 4245, pp. 77-[85 2006.
© Springer-Verlag Berlin Heidelberg 2006
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reconstructing the uniquely determined polyomino from its horizontal and verti-
cal projections. In Section [l we show that ambiguity can remain very high when
the polyominoes to be reconstructed are antidiagonally convex. In Section [ we
consider the possibility to adapt the results of Sections Bl and M to polyominoes
that are convex along an arbitrary set of directions. Finally, in Section [ we
conclude our results.

2 Preliminaries

The finite subsets of Z? defined up to translation are called discrete sets. A
discrete set F' can be represented by a set of unitary cells or by a binary matrix
F = (fij)mxn where fij = 1 if and only if (¢,j) € F. To stay consistent we
assume that the vertical axis of the two-dimensional integer lattice is directed
top down (see Fig.[). The horizontal and vertical projections of F' are the vectors
H(F)=H = (h1,...,hm), and V(F) =V = (v1,...,vy,), respectively, where

hi:Z;j (t=1,...,m) and 'l}j:Zfij (j=1,....n). (1)
i=1

Not any pair of vectors are the projections of some discrete set. In the following
we suppose that H € Ni* and V € Nj are compatible which means that they
satisfy the following conditions

(i) hy <n,for 1 <i<m,and v; <m, for 1 <j < m;
(ii) Yo7ty hi =27 v, Le., the two vectors have the same total sums.

Two points P = (p1,p2) and Q = (q1,¢2) in Z? are said to be 4-adjacent if
|p1 — q1] 4 |p2 — g2| = 1. The sequence of distinct points Py, ..., P is a 4-path
from point Py to point P, in a discrete set F' if each point of the sequence is
in F' and P, is 4-adjacent to P,_; for each [ = 1,..., k. A discrete set F' is 4-
connected if for any two points in F there is a 4-path between them. Such a set
is also called as polyomino. A 4-path in a discrete set F' is a northeast path (or
shortly, NE-path) from point Py to point Py if each point P, of the path is in
north or east to P,_1 for each [ = 1,..., k. The discrete set F is directed if there
is a NE-path in F' from point (m, 1) to any other point of F.

Given two integers a and b such that they are coprimes and (a, b) # (0,0) we
define the kth line of the discrete rectangle R = {1,...,m} x {1,...,n} parallel
to the vector (a,b) by

S ={(i,j) € R | bi —aj =k} . 2)

Throughout this paper, without loss of generality, we will assume that b > 0
and b = 0 if and only if @ = 1. The discrete set F is line-convex along the
direction (a,b) if for every k € Z and (i1, j1), (i2, j2) € S,ga’b) N F the discrete
line segment with the endpoints (i1,71) and (ie, j2) is in F, i.e., if (i,j) € S,ga’b)
such that (¢,7) = (¢1 + t(i2 — 41), j1 + t(j2 — j1)) where t € [0,1] then (i,7) € F.
In particular, the discrete set is
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Fig. 1. A diagonally convex directed polyomino F', and the correspondig binary matrix
F'. The projections of the polyomino are the vectors H and V.

— horizontally convez if it is line-convex along the direction (0, 1),
vertically convez if it is line-convex along the direction (1,0),
diagonally convez if it is line-convex along the direction (1,1),
antidiagonally convez if it is line-convex along the direction (—1,1).

For example, Fig. [Tl shows a diagonally convex directed polyomino, which is
vertically, horizontally, and antidiagonally non-convex.

3 Diagonally Convex Directed Polyominoes

Polyominoes are widely used in physics and chemistry for modelling and they
have long been studied by mathematicians and computer scientists (see [11,[12]
13] and the references given there). Concerning polyominoes with some line-
convexity properties some important results are already known. In [I1] the
authors studied the number of (horizontally and vertically) convex polyomi-
noes reconstructible from their orthogonal projections and showed that in this
class ambiguity can be very high. Moreover, in [12] a method is given to enu-
merate diagonally convex directed polyominoes according to several parameters
(sources, diagonals, horizontal and vertical edges, etc.). Recently, in [14] the
author stressed the importance of finding classes of polyominoes where the re-
construction from two projections can be solved uniquely in polynomial time.
The only class known so far satisfying this condition was investigated in [8,[9].
The results given there can be summarized in the following.

Theorem 1. FEvery horizontally or vertically convex directed polyomino can be
reconstructed from its horizontal and vertical projections uniquely in O(mn)
time.

In this section we show that the class of diagonally convex directed polyominoes
(let us denote this class by DCDy) also satisfies this condition. As an inmediate
consequence of the directedness and 4-connectedness we can say



80 P. Baldzs

Lemma 1. Let D € DCDy4 with H(D) = (h1,...,hm) and V(D) = (v1,...,0,).
Then, (m,j) € D if and only if 1 < j < hy,, and (i,1) € D if and only if
m-—uv <t<m.

With the aid of Lemma [I] a subset F' of the polyomino D to be reconstructed
can easily be found. On the basis of the following lemma the remaining elements
of D are determined by the set F.

Lemma 2. Let D € DCDy, F C D and (i,j) € {1,....m—1}x{2,...,n} be a
position such that for every (i',j') # (i,7) if i' > i and j* < j then (i',j') € D <
(¢,j') € F. Then, (i,7) € D if and only if 3}, .| fi; <vj and Zi;ll fir < hy.

Proof. Let (i,7) be a position satisfying the conditions of the lemma. The nec-
essary part is trivial since ¢’ >4, j' < j and (¢/, ') # (4, ) 1mphes (#',j') € D«
(¢,5') € F and so the inequalities Y )" ftj <vj and Zt 1 ! fir < hi must hold.
To prove the sufficient part assume that 3, .., fi; < v; and S0 fie < hi and
contrary (i,j) € D, i.e., (fij = 0. If i = 1 then the contradiction follows from
D ieitt ftj < v; and the fact that (i/,j) € F < (i/,j) € D holds for every
posmon (#,7) if i/ > 1. Similarly, if j = n then the contradiction follows from
P fzt < h; and the fact that (i,5") € F < (i,5") € D holds for every position
(4, ) if 7/ < n. In any other cases, since the conditions of the lemma hold, there
exist " < i and j” > j for which dj» j = d; j» = 1. Since D is directed there is
a NE-path from (m,1) to (i”,j) such that for every point (c1,c2) of this path
co < j holds. Therefore the diagonal Si(i’jl) contains at least one point of D,
say (i1,71) for which j; < j. Similarily, we get that there is a NE-path from
(m, 1) to (i,5"”) and therefore the diagonal Si(i’jl) contains at least one point of
D, say (i2,j2) for which jo > j. We get dil,jl =1, cfij =0 and d\iz’jz = 1 with
J1 < J < j2 which contradicts the diagonal convexity (see Fig. ). a

NECRD @,
N

Fig. 2. Proof of Lemma 2
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The following theorem states that if we assume that the directed polyomino to be
reconstructed is diagonally convex then ambiguity can be completely eliminated.

Theorem 2. Let H € N™ and V € N". In the class DCD, there is at most one
polyomino P such that H(P) = H and V(P) =V.

Proof. On the basis of Lemma [ the first column and the last row of P are
uniquely determined by vy and h,,, repsectively, i.e., a subset F' of the polyomino
P (consisting of all the positions of the last row and first column of P) can be
found. Then, for the position (m—1, 2) the conditions of Lemma[]hold. Therefore
on the basis of Lemma [ it can be decided whether the position (m — 1,2)
belongs to P and if so then we set F' = F U {(m — 1,2)}. Taking each position
bottom up left to right F' always satisfies the conditions of Lemma ] and so the
above method can be repeated. If H and V are the projections of a diagonally
convex polyomino then in the end we get F' = P. Uniqueness follows from the
construction. g

The proof of Theorem [ is constructive, i.e., an algorithm similar to the one
in [9] can also be described to reconstruct the possibly existing polyomino of the
class DCD,4 with given horizontal and vertical projections.

Algorithm DCD4

Input: Two compatible vectors, H € N™ and V € N".
Output: The binary matrix F' representing the uniquely determined polyomino
of DC' D4 having projections H and V (if there is such a solution).

Step 1 F':= (0)mxn; H :=H; V' :=V;
Step 2 fori:=m—uv; +1,...,m {fii :==1; b\, — =}

for j:=1,...,hp {fmj =10 — =}
Step 3fori:=m-—1,...,1

for j:=2,....,n
if (h; > 0 and v} > 0) then {fij = 1; bl — —; Vi — =3}

Step 4 if (H(F) # H or V(F) # V or F is not a diagonally convex polyomino)

then exit(no solution) else return F’

This algorithm works as follows. Step 1 is for the initialization of the matrix F
and the auxiliary vectors H' and V'. In Step 2 a subset F' of the polyomino to be
reconstructed is defined on the basis of Lemma[Il Then, in each iteration of Step
3 we check whether the conditions of Lemma [2] hold and if so then we update
the matrix F' and the vectors H' and V’. Due to the vectors H' and V' Step 3
runs in O(mn) time. Finally, in Step 4 we check whether the reconstructed set
is a diagonally convex polyomino and has the given projections H and V which
can also be done in O(mn) time. Summarizing this we can say

Corollary 1. Let H € N™ and V € N™. If there is a polyomino P € DCDy such
that H(P) = H and V(P) =V then Algorithm DCD/ reconstructs it in O(mn)
time.
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4 Antidiagonally Convex Directed Polyominoes

In this section we show that there is a drastic change in the number of directed
polyominoes if instead of diagonal convexity it is assumed that the polyomi-
noes to be reconstructed are antidiagonally convex. We will use the concept of
switching component of a binary matrix £ which is a submatrix of F of the form

B3 (Y.

Interchanging 0s and 1s in a switching component the horizontal and vertical
projections of F' do not change [15]. Let us denote the class of antidiagonally con-
vex directed polyominoes by ACD,. The following theorem shows that assuming
antidiagonal convexity on the directed polyomino having given horizontal and
vertical projections does not eliminate ambiguity.

Theorem 3. In the class ACDy there can be exponentially large number of poly-
ominoes with the same horizontal and vertical projections.

Proof. We show that for any k € N there are at least 2% number of discrete sets
of size (6k — 1) x 3 in the class ACD4 with the same horizontal and vertical
projections. Let

110
111 Fy
B=(110), =11 0|, and F,=| B for k>1
1 01 Fi_q
111

For a given k € N and for any [ € N (1 <[ < k) we will refer to the submatrix
of F}, consisting of the rows 6(l — 1) +i (i = 1,...,5) as the Ith level of B,
and to the submatrix B in the row 6l as the ith brzdge of B, (omitting the case
k =1). For any [ the positions (6(1 — 1) +4,2), (6(1—1)+4,3), (6(l—1)+1,2),
and (6(1 —1) +1,3) form a switching component in F} and we will refer to it as
the Ith switching component of F,. Let Fl’ be the binary matrix that we get by
interchanging the Os and 1s in the first switching component of Fl, ie.,

0

F = ()

— =
— =
_ o o = =

Clearly, Fy, F] € ACD4 and so the theorem holds for the case k = 1. For the
case k > 1 let ¥ where S = {s1,...,5,} C {1,...,k} (n < k) denote the
binary matrix that we get from F, by switching the sith, ..., s,th switching
components. Note, that from the viewpoint of directedness, 4-connectedness and
antidiagonal convexity the [th bridge effects only on the (I + 1)-th and lth levels



The Number of Line-Convex Directed Polyominoes 83

and vice versa (if they exist). Then, in order to prove that F € ACD, for
any k € Nand S C {1,...,k} it is sufficient to study the submatrices of F}°
consisting of the /th level and the /th bridge and the Ith bridge and the I+ 1A)—th
/
level. These matrices can only be of the form <1§1 ), (g ), (?,{), or <FB;1 )
It can be shown directly that the four sets represented by these matrices are
antidiagonally convex. For a given k S can be any subset of {1,...,k} therefore
the number of solutions with the same projections is at least 2¥ and so the
theorem is proven (see Fig. Bl for the case k = 2). O

(@ (b) (© (d) (©

Fig. 3. Exponentially large number of discrete sets of ACD4 with the same horizontal
and vertical projections. (a)-(d) Proof of Theorem [l for the case k = 2. The sets left
to right are FZ{}, FQ{I}, Fz{z}, and FQ{LQ}, respectively. (e¢) One more set with the same
projections.

Remark 1. The bound 2 in the proof of Theorem[lis not tight. See, for example,
the discrete set in Fig. B.

As a consequence of this theorem we get

Corollary 2. If there is an algorithm that reconstructs all the discrete sets of
ACDy with the horizontal and vertical projections H and V', respectively, then
there are some pair of vectors H and V for which the time complexity of the
algorithm is not polynominal.

5 Generalisation to Arbitrary Line-Convexity

From Sections 3 and 4 it is clear that the direction of convexity has an important
role in whether or not ambiguity can be eliminated. In this section we study in
more detail how the direction of convexity effects on the number of directed
polyominoes. First, note that without further modification Theorem [l can be
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stated in a more general way to polyominoes that are line-convex along the
direction (a,b) if @ > 0 holds. Moreover, the construction given in the proof
of Theorem [l can be adapted to polyominoes that are line-convex along any
direction (a,b) for which a < 0 in the following way.

Theorem 4. Let C(q) be the class of polyominoes that are line-convexr along the
direction (a,b) such that a < 0. Then, there can be exponentially large number
of polyominoes of C(, 1) with the same horizontal and vertical projections.

Proof. (Sketch.) Assume that a direction (a,b) is given with a < 0. We will give
a construction similar to the one used in the proof of Theorem [Bl First, note that
for each k > 1 the martices of (@) have only 3 columns therefore they are also
line-convex along the direction (a,b) if b > 2. Moreover, a # 1 implies b # 0.
Thus, the theorem holds for b # 1. Consider b = 1 and construct the bridge B(®)
of size (—a) x 3 and the matrix Fl(“) of size (4 — a) x 3 from the matrices given
in () in the following way

1 1 0
1 1 0 1 1 1
Bo=| |, Y= 3(@) : (6)
1 1 0 1 0 1
1 1 1

Notice that BCY = B and so Fl(fl) = F. Then, for each a < 0 the proof can
be finished similarly as the proof of Theorem [Bl O

Now, we can state the main result of our paper.

Theorem 5. Let D = {(a;,b;) | i = 1,...,1l} be a finite set of directions and
P be a polyomino line-convex along every directions of D. Then, P is uniquely
determined by its horizontal and vertical projections and it can be reconstructed
in O(mn) time if there exist a direction (a,b) € D with a > 0. If a; < 0 for all
directions (a;,b;) € D (i = 1,...,1) then there can be exponentially large number
of polyominoes that are line-convex along the directions of D and have the same
horizontal and vertical projections as P.

Proof. Tt follows from Theorem [I] and the discussion of the above paragraph.
The only non-trivial statement is the case if a; < 0 for all directions (a;, b;) € D
(i =1,...,1). In this situation we can have two cases. If there is at least one
direction (aj,b;) such that b; = 1 then we have to to apply the construction of
() with the argument a = min{a; | b; = 1, (a;,b;) € D}. Otherwise, (that is, if
bi #1foralli=1,...,1) we can simply use the construction of (). O

Remark 2. Theorem [l can be extended to any infinte set D of directions except
the case if b; # 1 for all (a;,b;) € D. In this latter case the integer min{a; | b; =
1, (as,b;) € D} does not exist.
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6 Conclusions

We have studied the problem of ambiguity in classes of directed discrete sets.
We have shown that in the class of diagonally convex directed polyominoes the
horizontal and vertical projections uniquely determine the polyomino and this
polyomino can be reconstructed in O(mn) time. However, assuming antidiagonal
convexity about the polyomino the number of solutions with the same horizontal
and vertical projections can be extremely large. Then, the results were gener-
alised to polyominoes having arbitrary line-convexity. It is an open question
whether in the classes where non-uniqueness holds a reconstruction algorithm
can be given to find a solution in polynomial time. Another interesting question
is if it is possible to generalise Theorem [l to arbitrary infinite set of directions,
too.
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A Network Flow Algorithm for Binary Image
Reconstruction from Few Projections
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Abstract. Tomography deals with the reconstruction of images from
their projections. In this paper we focus on tomographic reconstruction
of binary images (i.e., black-and-white) that do not have an intrinsic lat-
tice structure from a small number of projections. We describe how the
reconstruction problem from only two projections can be formulated as
a network flow problem in a graph, which can be solved efficiently. When
only two projections are used, the reconstruction problem is severely un-
derdetermined and many solutions may exist. To find a reconstruction
that resembles the original image, more projections must be used. We
propose an iterative algorithm to solve the reconstruction problem from
more than two projections. In every iteration a network flow problem is
solved, corresponding to two of the available projections. Different pairs
of projection angles are used for consecutive iterations. Our algorithm
is capable of computing high quality reconstructions from very few pro-
jections. We evaluate its performance on simulated projection data and
compare it to other reconstruction algorithms.

1 Introduction

Tomography deals with the reconstruction of images from a number of their
projections [IL2]. In many applications, such as the reconstruction of medical
CT images, a large number of different pixel values may occur in the reconstruc-
tion. Typically, the number of projections that is required to obtain sufficiently
accurate reconstructions is large in such cases (more than a hundred).

For certain applications, however, it is known in advance that only a few possi-
ble gray values may occur. Many objects scanned in industry for nondestructive
testing or reverse engineering purposes are made of one homogeneous mater-
ial, resulting in two possible gray values: the material and the surrounding air.
Another example is medical digital subtraction angiography, where one obtains
projections of the distribution of a contrast in the vascular system.

The field of discrete tomography deals with the reconstruction of images from
a small number of projections, when the set of pixel values is known to have only
a few discrete values [3]. By using this prior information about the set of possible
values, it may be possible to dramatically reduce the amount of projection data
that is required to obtain accurate reconstructions.

A. Kuba, L.G. Nyul, and K. Paldgyi (Eds.): DGCI 2006, LNCS 4245, pp. 86-[01 2006.
© Springer-Verlag Berlin Heidelberg 2006
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In [] the author proposed an algorithm for reconstructing binary images that
are defined on a lattice, using smoothness assumptions. This algorithm exploits
the fact that the reconstruction problem for only two projections can be solved
in polynomial time. The proposed reconstruction procedure is iterative: in each
iteration a new reconstruction is computed using only two projections and the
reconstruction from the previous iteration. The new reconstruction simultane-
ously resembles the image from the previous iteration and adheres to the two
selected projections.

In this paper we describe a new iterative algorithm for reconstructing bi-
nary images that do not have an intrinsic lattice structure (i.e., subsets of the
plane), which is based on ideas similar to those used in [4]. To solve the two-
projection subproblems efficiently, a different pixel grid has to be used in each
iteration, corresponding to the selected pair of projections. The reconstruction
problem can then be solved as a special case of the minimum cost network
flow problem in graphs, for which efficient polynomial time algorithms are avail-
able [5].

In [6] a more general version of our algorithm is described and more details
are provided on the algorithmic steps. We refer the reader to that paper for
further details.

We restrict ourselves to parallel beam tomography. Let D = {6;,...,64} be
a set of disjoint real numbers in the interval [0, 7), the projection angles. Let n
be a positive integer. For ¢ = 0,...,n, put t; = —n/2 4+ 4. Let 6 € [0, 7). For
t,t' e R, t < t', define the strip Sy(t,t') as

rcost + ysind <t/

Se(t t/):{(x y)€R2_$C059+ySin92t and}

Fig. 1. (a) Left: Schematic view of the parallel beam geometry which contains the lines
Ly :zcosO+ysind = 0and Lz : zcos@+ysinf = t. (b) Right: A two-projection image.
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Figure[Th shows the geometric meaning of the last definition. Define the imaging
area I as

d
I= (") So,(to,tn)-

k=1

We will now define the basic reconstruction problem of reconstructing a binary
image (i.e., black-and-white) from few projections. We consider the unknown
image as a mapping f : I — {0,1}.

Problem 1. Let p1 = (p11...p1n)", ..., Da = (Pa1 - .. pan)T € R™ be vectors of
nonnegative real numbers (the measured strip projections for projection angles
01,...,04 € D respectively). Construct a function f : I — {0,1} such that

// flz,y) dyde = pi fori=1,...,n, k=1,...,d.
So,, (ti—1,t:)

We call an integral of the form ffse (ti1.t) f(x,y) dydz a strip projection.
k 1—1yb2
In the next section we deal with the reconstruction problem from only two
projections, which is severely underdetermined. In Section 3] we describe our iter-
ative algorithm for reconstruction from more than two projections. Experimental
results of the algorithm from Section [B] are presented in Section [l

2 Reconstruction from Two Projections

This section deals with the reconstruction problem from only two projections,
for angles 0; and 6. To represent a mapping f : [ — {0,1} in a computer we
have to resort to an approximate representation. An image f is represented as
a 2D array of pixels. Every measured strip projection then gives rise to a linear
equation on the pixel values of f. The resulting system of linear equations can
be solved by methods from linear algebra, but in this way one cannot guarantee
that a binary solution is found. We now introduce a particular grid, the two-
projection grid, for which a binary solution of the reconstruction problem can be
found efficiently. The rows and columns of this grid correspond to the strips for
the two projections angles 6; and 6. Define grid cell Cij 1<4,j<n)as

Cij = 59_1 (ti_l,ti) n S§2 (tj_l,tj).

A two-projection image is a mapping {1,...,n} x {1,...,n} — {0,1} which
assigns a binary value to each grid cell of a two-projection grid. Figure[Ib shows
an example of a two-projection image.

It is often convenient to consider a two-projection image X as a matriz (x;;),
where x;; denotes X ((¢,7)) (the pixel value of cell C;;). The strip projections of
X for the projection angles #; and 6 can be computed directly by summation of
all entries in each row of X, or column respectively, and multiplying the result by
the cell area a. For k = 1,2, define P, (X) € R™ as the vector of strip projections
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of X for angle 8. Define the one-count of X by S(X) =32, ;<,, xij- We denote
the area of a single grid cell by a. Note that all grid cells have the same shape
and size.

We will now define a reconstruction problem for two-projection images. As
the projection data may contain noise or other errors, we don’t require that the
image adheres perfectly to the measured projection data. In the next section,
where we consider reconstruction from more than two projections, we require a
generalization of the reconstruction problem which incorporates prior knowledge.
We state this general reconstruction problem here.

Problem 2. Let 0,0 € [0,7) be two disjoint projection angles. Let p;,ps € R”
be two vectors of nonnegative real numbers (the measured projection data). Let
W = (w;;) € R™" T € N5 and o € R. Construct a matrix X € {0,1}"*"
such that S(X) =T and

a|Pr(X) = pili + [Po(X) = p2|1) — Z aw;; T

1<i,j<n
is minimal.

In any instance of Problem 2] the one-count S(X) is considered to be fixed at
T. A good value for T can be computed from the measured projection data by
taking T = (|p1]1 + |p2]1)/2a. Putting « = 1 and w;; = 0 for 1 < 4,5 < n,
yields the basic reconstruction problem (without the use of prior knowledge).
The matrix W is called the weight map. The weight map is used extensively in
the algorithm for reconstructing a binary image from more than two projections
that we describe in the next section. It is used to express a preference for each
pixel to obtain a value of either 0 or 1 in the reconstruction.

Problem [2] can be solved efficiently by formulating it as a minimum cost flow
problem in a particular graph. Efficient algorithms are available for solving the
resulting network flow problem. The basic idea of using network flow methods
for the reconstruction of binary images from two projections was first described
by Gale in 1957 [7], in the context of reconstructing binary matrices from their
row and column sums.

For the sake of brevity, we make one simplifying assumption: we assume that
all measured strip projections are integral multiples of the pixel area a. If the
strip projections do not satisfy this assumption they can simply be rounded
to the nearest multiple of a. If n is large, the effect of this rounding step is
neglegible. Details on how to compute an exact solution of Problem [2 without
the assumption on the strip projections, are given in [6].

In the remainder of this section we assume that the reader is familiar with the
basic concepts of network flows. The book [5] provides an excellent introduction
to this subject.

With a pair of projection angles (61, 62) and their respective measured pro-
jections (p1,p2), we associate a directed graph G = (V, E), where V' is the set of
nodes and F is the set of edges. We call G the associated graph, see Figure 2
The set V' contains a node s (the source), a node t (the sink), one node for each
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Source node

Line edges

@ Line nodes

Pixel edges

@ Line nodes
Line edges

%

Sink node

Fig. 2. Basic structure of the associated graph

strip of projection angle #; and one node for each strip of projection angle 6.
The node that corresponds to Sp, (t;—1,t;) has label ny, ;. We call the nodes ny ;
line nodes.

Each edge e of G has an associated capacity u. and cost c.. Every pair
(n1,i, na,;) of nodes is connected by a directed edge. We call these edges pizel
edges. Each pixel edge (n1,;, ne ;) has capacity 1 and cost —aw;;. For each pair
(s,n1,) the graph G contains two parallel edges. The first edge has capacity
p1i/a and cost 0, the second edge has capacity n — p1;/a and cost 2aa. Similarly,
G contains two parallel edges for every pair (ng ;,t) with capacities ps;/a and
n — pa;/a and costs 0 and 2aa respectively.

An integral flow in G is a mapping Y : E — N> such that Y(e) < u, for all
e € E and such that for all v € V\{s,t}:

Yo Y(ww)= Y Y(ww)
w: (w,w)EE w: (v,w)EE

Every integral flow Y corresponds to a two-projection image X = z;;, defined
by z;; = Y((n1,i,n2,;)). Define the total cost of an integral flow Y by

CY) =) cY(e).
ecE

In [6] it is proved that any integral flow of minimal cost in G corresponds to a
solution of Problem[2l Note that all edge capacities of G are integers. The integral
minimum cost flow problem can be solved in polynomial time for graphs that
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have integral arc capacities and costs. To obtain integral costs in our case, we
multiply the edge costs by a sufficiently large number and round the results.
Note that scaling all costs by the same factor does not change which flow has
minimal cost.

3 More Than Two Projections

Unfortunately, there is no straightforward generalization of the network flow
approach to the case of more than two projections. We propose an iterative
algorithm, which uses the fact that the two-projection problem can be solved
efficiently. The algorithm computes a reconstruction from more than two projec-
tions by solving a series of two-projection subproblems, each using two projection
angles. The algorithm uses the concept of a weight map, as introduced in Prob-
lem 2l Our algorithm aims to find an approzimate solution of the reconstruction
problem. In each iteration a new pair of projection angles is selected. An in-
stance of Problem [2]is then solved on the two-projection grid that corresponds
to those two angles. The weight map is computed using the reconstruction from
the previous iteration, in such a way that solutions are preferred which resemble
the reconstruction from the previous iteration. Additionaly, a preference for lo-
cally smooth regions is incorporated in the weight map. The reconstruction from
the previous iteration was computed using a different pair of projections, which
are thus incorporated into the new reconstruction. Repeating this argument,
projections from earlier iterations are also incorporated.

Compute a start solution X° on the standard square pixel grid;
A= (i, Ipkh)/d;
7 :=0;
while (stop criterion is not met) do
begin
Ti=7+1;
Select a new pair of projection angles 07,605 € D;

Compute the weight map W7 = (w;;) for the two-projection grid
corresponding to (07,03), using the previous reconstruction X7

Compute T := A/a;

Compute a solution X” with S(X7) =T of Problem
on the two-projection grid for angles (67, 65), using the
weight map WT;

end

Return the final reconstruction X*;

Fig. 3. Basic steps of the algorithm
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Figure [ shows the basic steps of the algorithm. First, a start solution is
computed, using all projections simultaneously. The start solution should provide
a good first approximation of the unknown image, while being easy to compute.
The start solution can be computed on the standard nxn square pixel grid.
For the experiments in Section M we used the SIRT (Simultaneous Iterative
Reconstruction Technique, see Chapter 7 of [I]) to compute the start solution,
which yields a gray value reconstruction.

Subsequently, the “total area A of the white region” (i.e., the region where
the function value of the unknown image f is 1) is computed as (ZZ:1 |pk]1)/d.

Next, the algorithm enters the main loop. In each iteration 7 of the main loop
a new pair (A7,07) of projection angles is first selected, which determines the
two-projection grid for iteration 7. We refer to the cell (i, j) of this grid as C7;.
To choose the projection angles, the projections of the current image for each of
the angles 61, ...,60,; are computed first. The new pair of angles is chosen such
that the angle between 0] and 03 is at least 7/3 and the total deviation of the
computed projections from the prescribed projections is largest, according to the
sum-norm.

Next, the number of white pixels 7" = round(A/a,) is computed, where a,
denotes the area of a grid cell in the current two-projection grid. Note that the
grid cell area is different for each two-projection grid.

Subsequently the weight map W7 = (w];) is computed from the previous

1,
reconstruction. We denote the grid cells of tfjle new two-projection grid by C7.
Define m;; € R? as the center of mass of cell C7;. The pixel weight w]; of pixel
(i,4) depends directly on the average gray value of X,_; in a small neighbour-
hood of m;;. Most common pixel neighbourhood definitions that are used in
image processing, such as the 4-neighbourhood and 8-neighbourhood, are very
suitable for square pixel grids. However, as our algorithm deals with many dif-
ferent pixel grids for which the pixel sizes and shapes may vary, we have to use
a more general neighbourhood concept. Let r be a positive real number, the
neighbourhood radius. We used r = 1.5 for all experiments in Section [l Let I7;
be the average gray value inside a circle of radius r, centered in m;;, in the
two-projection image X,_;. This value can be computed by intersecting each
of the overlapping pixels of X;_; with the circular neighbourhood of m;; and
weighting the pixel values by the intersection area. Note that we always have
I € [0, 1]
Define g : [-1,1] — R by

(v) = v if |y #£1
T = V2w if o] =1.

We call g the local weight function. Together with the neighbourhood radius
r, the local weight function determines the preference for locally smooth regions.

The pixel weight wj; is computed as
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The basic idea of the local weight function is that, as the neighbourhood of
a pixel becomes more white, the preference to make this pixel white in the next
iteration increases. The same holds for black neighbourhoods. There is an addi-
tional increase in the (absolute value of) the pixel weight if the neighbourhood
is completely homogeneous. If a pixel neighbourhood consists of 50% black and
50% white pixels, no preference is expressed as the pixel weight is zero.

The weight map W7, the value T and the projections for angles (67, 65) define
an instance of Problem Bl Solving this problem by the network flow approach
yields the new reconstruction X7.

To determine when the algorithm should terminate, the strip projections of
X are computed for all projection angles 61, ...,60. Subsequently the norm of
the error with respect to the measured projections is computed. The algorithm
terminates if the error has not decreased for T iterations, where T is a constant.
In all experiments of Section ] we used T = 30.

4 Experimental Results

In this section we present reconstruction results of our algorithm for a set of
four phantom images. For each of the phantoms we computed the measured
projection data by simulation. In this way the noise level can be controlled,
which is difficult for datasets obtained by real measurements.

We implemented the iterative network flow algorithm in C++4, using the Re-
laxIV library [8] to solve the min cost flow problems. All experiments were per-
formed on a 2.4GHz PentiumIV PC.

The four phantom images that we use to evaluate the reconstruction time and
the reconstruction quality of our algorithm are shown in Figure 4l

R [

(a) single object (b) 50 ellipses ) turbine blade ) cylinder head
300x300 256 X256 276 X276 276 X276

Fig. 4. Four phantom images

First, we compare our reconstruction results from perfect projections to two
alternative approaches. It is well known that continuous tomography algorithms
such as Filtered Backprojection require a large number of projections. Algebraic
reconstruction methods, such as ART and SIRT (see Chapter 7 of [I]) typically
perform much better than backprojection algorithms if the number of projec-
tions is very small. Our algorithm uses the SIRT algorithm to compute a start
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solution. As a first comparison, we compare the final reconstruction computed by
our algorithm to the continuous SIRT reconstruction. In [9I[I0], Weber et al. de-
scribe a linear programming approach to binary tomography which incorporates
a smoothness prior. We implemented the R-BIF approach which is described
in [I0] using the ILOG CPLEX interior point solver [I1]. The real-valued pixel
values are rounded to binary values as a postprocessing step, which was also
done in [9]. Besides the projection data, the linear program depends on a pa-
rameter «, which determines the preference for smoothness. For our set of four
phantoms we found that a = 0.2 works well. Figure [6 shows the reconstruction
results for the four phantoms. Table [I] shows a quantitative comparison.

(a) SIRT, d = 5 (b) SIRT, d = 8 (c) SIRT, d =7 (d) SIRT, d = 10

(e) R-BIF, d =5 ) R-BIF, d = 8 (g) R-BIF, d =7 (h) R-BIF, d = 10

(i) NF, d =5 (j) NF,d =8 (k) NF,d=7 (1) NF, d = 10

Fig. 5. Reconstruction results for the four phantoms from parallel beam projections,
using SIRT (top), R-BIF from [I0] (middle) and our network flow algorithm (NF,
bottom). The figure captions show the number d of projections that was used.

The number d of projections is chosen for each phantom as the minimum
number for which our algorithm computes an accurate reconstruction from the
projection data. The projection angles are equally spaced between 0 and 180
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Table 1. Quantitative comparison between the R-BIF reconstruction and the recon-
struction computed by our network flow algorithm. The table shows the reconstruction
time in minutes and the total number of pixel differences between the reconstruction
and the original phantom.

phantom size #proj. R-BIF Network Flow
#errors[time(min)|#errors|time(min)

single object [300x300|5 220 9.2 58 2.0

50 ellipses 256x256(8 216 3.5 152 1.5

turbine blade(276x276|7 214 3.2 108 1.8

cylinder head|276x276|10 375 10 665 1.9

degrees. Each projection consists of n strip projections, that each have a width
equal to the phantom image pixel width.

Our algorithm is capable of computing an accurate reconstruction of each of
the four phantom images from a small number of projections. The reconstruction
quality of the R-BIF algorithm appears to be similar, although there are some
small differences between the reconstructions by both methods. Both algorithms
clearly outperform the continuous SIRT algorithm.

We observed that the number of projections that is required to compute an
accurate reconstruction is the same for the R-BIF algorithm as for our algorithm,
for each of the four phantoms. As there are major differences between both
algorithms, this suggests that this minimal number of projections is an intrinsic
property of the images themselves. It may be very difficult or even impossible
to do better by using a different algorithm.

The minimal number of projection that is required to reconstruct a given
(unknown) image depends strongly on characteristics of the unknown image, as
can be seen by the varying number of projections that is required for the four
phantom images.

Our algorithm has several advantages compared to the R-BIF linear program-
ming approach. First, the network flow algorithm is faster than general linear pro-
gramming as used in [10], even though we used a high performance interior point
solver for solving the linear program. It was demonstrated in [12] for the case of lat-
tice images that the network flow approach for 2D reconstruction can be extended
to a highly efficient algorithm for 3D reconstruction. Within each iteration a series
of 2D reconstruction problems is solved, instead of one big 3D problem. The 2D re-
constructions can be computed fast (because each subproblem is relatively small)
and in parallel. A similar extension is possible for our new algorithm. Dealing with
large volumes seems to be very difficult when using general linear programming,
as the number of variables becomes huge for large 3D volumes.

Another advantage of our algorithm is that it can deal with noise effec-
tively, as we will show in the next subsection. The linear programming approach
from [910] is not capable of handling noisy data. It can be extended to the case
of noisy data, as described in [I3]. However, the presented algorithm for dealing
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with noisy data solves a series of linear programs, which results in far longer
reconstruction times.

More recently, Schiile et al. developed a different reconstruction algorithm
based on D.C. programming [14]. The results of this algorithm seem to be very
promising and it does not have some of the drawbacks of the linear programming
approach. We intend to perform a comparison between a wider set of reconstruc-
tion algorithms in a future publication.

4.1 Noisy Projection Data

So far all experiments were carried out with perfect projection data. We now
focus on the reconstruction of images from noisy projection data, which is prac-
tically more realistic. We also assume that the noise is independent for each
projected strip. To be more precise, we assume that the noise is additive and
that it follows a Gaussian distribution with 4 = 0 and o constant over all pro-
jected strips. The standard deviation o is expressed as o = vy, where y denotes
the average measured strip projection over all projected strips. For example,
taking v = 0.05 results in independently distributed additive noise for each strip
projection, following the A/(0,0.05y) distribution.

Figure[6] shows reconstruction results for the cylinder head phantom, using 10
parallel beam projections and varying noise levels. The reconstruction quality
decreases gradually as the noise level is increased. Up to v = 0.02, the noise
hardly has any visible influence on the reconstruction quality.

(a) v =0.01 (b) v =0.02 (c) v =0.05 (d) v =0.10

Fig. 6. Reconstruction results from 10 parallel beam projections for increasing noise
levels

5 Conclusions

We have described a novel algorithm for the reconstruction of binary images from
a small number of their projections. Our algorithm is iterative. In each iteration a
reconstruction problem is solved that depends on two of the projections and the
reconstruction from the previous iteration. The two-projection reconstruction
problem is equivalent to the problem of finding a flow of minimal cost in the
associated graph. This equivalence allows us to use network flow algorithms for
solving the two-projection subproblems.
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The reconstruction results show that the reconstruction quality of our algo-
rithm is far better than for the SIRT algorithm from continuous tomography. A
comparison with the R-BIF linear programming approach from [I0], which uses
a smoothness prior, shows that both algorithms yield comparable reconstruc-
tion quality. Our algorithm runs faster than the linear programming approach
and can be easily extended to 3D reconstruction or reconstruction from noisy
projections. These extensions are difficult to accomplish efficiently for the linear
programming approach.

Our results for noisy projection data shows that the algorithm is capable of
dealing with significant noise levels. The reconstruction quality decreases grad-
ually as the noise level is increased.

In future research we intend to perform extensive comparisons between dif-
ferent discrete tomography algorithms. Such a comparison is often difficult, as
each algorithm makes different assumptions on the class of images, the detector
setting, etc. Generalization of our algorithm to 3D reconstruction is straightfor-
ward, following the same approach as in [12].
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Abstract. Filling operations are procedures which are used in Discrete
Tomography for the reconstruction of lattice sets having some convexity
constraints. In [I], an algorithm which performs four of these filling oper-
ations has a time complexity of O(N?log N), where N is the size of pro-
jections, and leads to a reconstruction algorithm for convex polyominoes
running in O(N6 log N)-time. In this paper we first improve the imple-
mentation of these four filling operations to a time complexity of O(N?),
and additionally we provide an implementation of a fifth filling operation
(introduced in [2]) in O(N?log N) that permits to decrease the overall
time-complexity of the reconstruction algorithm to O(N*log N). More
generally, the reconstruction of Q-convex sets and convex lattice sets (in-
tersection of a convex polygon with Z?) can be done in O(N* log N)-time.

Keywords: Discrete Tomography, Convexity, Filling Operations.

1 Introduction

One of the most intensively studied fields of discrete tomography is the recon-
struction of lattice sets or, specially, binary matrices. Several algorithms have
been published for reconstructing such sets. It is well-known that a binary matrix
from its row and column sums can be reconstructed in polynomial time [3]. The
interesting question is which sub-class of binary matrices can be reconstructed in
polynomial time. In most cases some kind of (discrete) convexity is supposed on
the sets. For example, Kuba published an algorithm [4] to reconstruct so-called
hv-convex lattice sets from two projections. As it turned out later the recon-
struction problem in this class is NP-complete [5]. Barcucci et al. showed [6]
that a sub-class of hv-convex lattice sets, namely, the class of hv-convex poly-
ominoes can be reconstructed in polynomial time. This result was extended also
to a bigger class, that of hv-convex 8-connected lattice sets [2]. A new bigger
class of convex sets, the so-called Q-convex sets was studied by Brunetti and

A. Kuba, L.G. Nyul, and K. Paldgyi (Eds.): DGCI 2006, LNCS 4245, pp. 98-[I09] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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Daurat [7] and proved that even in this class the reconstruction can be solved
in polynomial time.

Most of the algorithms reconstructing sets presenting some convexity prop-
erties use special procedures called filling operations. These operations can be
applied in iterative procedures to approach the final solutions with two sequences
of sets. The first sequence is a sequence of decreasing upper bounds and the sec-
ond one is a sequence of increasing lower bounds of the solutions.

Originally in [6], four filling operations were defined. In [I], an efficient algo-
rithm was given to apply the filling operations. In [2] a fifth filling operation
was introduced to decrease the overall complexity of the reconstruction algo-
rithm. Unfortunately, the algorithm for the filling operations of [I] cannot be
generalized with this fifth operation (in [2] this point was not treated). In this
paper we provide an implementation of all the five filling operations in the same
complexity as the algorithm of [I]. As a result, we get an improvement in the
time-complexity of the reconstruction algorithm.

The structure of this paper is the following. Section 2 contains the neces-
sary definitions and notations. The filling operations, the new reconstruction
algorithm, its analysis, and a possible generalization are described in Section 3.
Section 4 shows the application of the new operation in the case of Q-convex
and convex sets. Finally, in Section 5 we show some statistical results connected
with the application of the filling operations in computer experiments.

2 Definitions

A lattice set is a finite subset of Z2. A lattice direction is given by an integer
vector p = (pg,py), and it can also be represented by a linear form p(z,y) =
Py — pzy. The horizontal direction (resp. vertical direction) denoted by h (resp.
v) is determined by the vector (1,0) (resp. (0,1)).

A lattice set is line-convex with respect to a direction p if its intersection
with each line in the direction p is made of consecutive points. A set which is
line-convex w.r.t. to the horizontal and vertical directions is called hv-convex.

The projection of a lattice set E along a direction p, denoted by X,E, is
the function which gives the number of points on any line of direction p, more
precisely:

XpE(k)={M e E : p(M)=k}| for any k € Z

where p is the linear form associated to p.

In this article we are interested in the reconstruction of set E' which satisfies
some convexity constraints from its projections. More precisely if M is a class of
lattice sets, and D is a finite set of lattice directions, the reconstruction problem
for the class M and the directions D is the following.

RECONSTRUCTION(M, D)
Data: A function f : D x Z — Z which gives a non-negative integer f(p, k) for
any line p = k with p € D, and such that {(p, k) : f(p, k) > 0} is finite.
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Task: Reconstructing a lattice set E € M such that X,E(k) = f(p, k) for any
(p,k) eDXZ
In the whole paper [a, b] denotes the discrete interval {k € Z : a < k < b}.

3 Filling Operations

3.1 Preliminaries

A filling operation is a procedure which has been used in many reconstruc-
tion algorithms [2L[4,[6,[7,[8]. Formally, a filling operation takes function f of
RECONSTRUCTION(M, D), and a pair of sets («, 3) such that o C § and returns
a new pair of sets (¢, 8") with « C o/ C 3 C S.

We now present classical filling operations which can be used for any class
contained in that of line-convex sets w.r.t. D.

To simplify the description of these operations, we first describe them for the
set D = {h,v} consisting of the horizontal and vertical directions. We denote
hi = f(h,i) and v; = f(v,7). We also suppose without loss of generality that
there exist m,n € Zy such that h; =0 for i ¢ [1,m] and v; = 0 for j ¢ [1,n].

For any i € [1,m] we denote the set {(i,7) : j € Z, (i,7) € a} by a?. On an
analogous way we define o ﬁ” fori € [1,m] and j € [1,n].

The following notations are used for the extremities of each af and 3!

Wa}) =min({j : (i,j) €a}}),  r(a})=max({j : (i,j) € a]'})
1B =min({j : (i,5) € B},  r(B) =max({j : (i,4) € B'})

with the conventions min((}) = +oo, max(f)) = —co.
With this notation, the four filling operations of [6] on horizontal lines can be
defined as:

— If af # 0 then ®al = {(i,7) € I = I(al) < j

— ®al = {(i,j) € B : r(B) —hi <5 <1(B") + )

— 1ol #0, j = max({j : (i) ¢ A} and j <i(a})}, j” = min({j : (i,4) ¢
pl and j > r(af)} then ©8] = {(i,5) € B :j' <j < j"}.

— If al # 0, then ®8F = {(i,7) € B : r(al) —h; < j <1(al)+ h;}.

A fifth filling operation ®' has been introduced in [2l[7l[8]. Tt permits to reduce
the overall complexity of the reconstruction algorithm: In all the reconstruction
algorithms the first step of the algorithm is fixing arbitrarily some points on
the border of the reconstructing sets (these points are in general called bases or
feet). Without the operation @, at least four fixed points were necessary, but
with it, only two are necessary. (See [, p.43-44] for more details.) The operation
®' simply removes the components of 37 (maximum sequences of consecutive
elements of B!) which are smaller than the corresponding projection.

To define it formally we need a notation for the extremities of each component.
So the sequence (cx)1<p<2r = c(ﬂf) is defined by:

<r(af)}.
hs

s
cr < cppr and {j @ (i,5) € ﬂh = U Cak—1, Cak, — 1]. (1)
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Fig. 1. The filling operations

Then the operation @’ is defined by:

@Bl = U [cak—1, car — 1].
1<k<r
cop—Cakp—1>h;

We can also define these five operations on the vertical lines.

The reconstruction algorithms described in [2L[61[7] iteratively apply the filling
operations in a fixed order on all the lines of [1,m] x [1,n] (iterative step). The
kth iteration gives rise to a new couple (ag,fk) from (ax_1,Bk—1), and the
iterative process ends when an invariant couple is obtained, that is, (g, Br) =
(ag—1, Brr—1). There are several methods to construct the initial couple of sets
(w0, Bo). For example in [6], Gy is the complete rectangle [1,m] x [1,n] and ag
consists of a set of points (called feet) located on the four edges of 3. More
generally, we assume that ag C 5y C [1,m] X [1,n].

In [TL6] only the first four filling operations are considered. If N = max(m,n),
the whole iterative process runs in O(N*)-time in [6]. In [I] the author proves
that this process can be executed in O(N?log N)-time. The best time-complexity
with the five filling operations is O(N?) [7]. Now we will describe a procedure
which performs the five filling operations in O(N? log N)-time.

3.2 The New Algorithm

At first we describe the data structures we use in the algorithm.
For each horizontal line of index i, we use the following data.

— The scalar variables I1 (o) and lo(al) for I(al). The first one is only updated
when the operations are performed on the ith horizontal line. The second
one is updated for any change of any point on this line.
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— The scalar variables 71 (af) and 72(al) which are defined in a similar way.

— The scalar variable I1(8) and l5(3%) for I(3). The first one is only updated
when the operations are made on the ith horizontal line. The second one
is updated for any change of any point on this line and if af # (), then
lo(Br) = max({j : (i,5) ¢ BF and j < I(al)}) + 1 (so it anticipates the
operation © on the line).

— The scalar variables 71 (30) and r2(3") which are defined in a similar way.

— The integer array next_in_beta? such that next_in_beta? [7] gives the near-
est point of 3 on the right of (i,5j) € 3. Moreover this array also indi-
cates the leftmost point of 3, indexed by —oo. Formally for any (i,j) €
B U{(i,—00)}, next_in betal[j] = min({k > j : (i,5) € BI}).

— The array prev_in_beta? which is analogous to next_in_beta’ but gives the
nearest point on the left: For any (i,5) € 8 U {(i,+0)} prev_in_beta’[j]
is max({k < j: (i,7) € BI}).

— An optimized structure denoted by ¢(8) to represent the ordered sequence
of intervals [cor—1, car, — 1] defined by ().

We suppose that we have the following operations on this structure:
e insert(c(B"), u,v): insertion of a new interval [u,v — 1] which is disjoint
with the intervals [cag—_1, cor — 1].
e delete(c(B),u,v): deletion of an interval [u,v — 1].
e search(c(B), x): returns (cox_1,c2x) such that cor_1 < = < cox.
We use a structure such that these operations are made in O(log(r))-time.
For example, an implementation with AVL trees permits this (see [9]).

— Another ordered sequence d(3%) of intervals [daj_1, dax, — 1] which represents
the components which are to be deleted by the operation @’. This sequence
is represented by the same structure as c(3%).

There are also data not associated directly to a line.

— The sets a and 3 are simply implemented by a boolean two-dimensional
array.

— A set lines_to_treat stores the lines which are to be treated by the fill-
ing operations. The only operations used on this structure are the vacuity
test, the extraction of one arbitrary element and the insertion of one element
(if not already present in the structure). These operations can be executed
in constant time if the set is implemented as an array B of booleans cou-
pled with an array A (implementing a stack) of the elements both indexed
in [1,m + n] and an integer variable cA for the cardinality. Precisely the
implementation is the following.

isempty(lines_to_treat)
return(cA = 0)
extract(lines_to_treat)
z — AlcA]; Blz] « false; cA «— cA —1
if x < m then
return(h = x)
else
return(v =z — m)




Fast Filling Operations Used in the Reconstruction of Convex Lattice Sets 103

end if
add line(lines_to_treat,h =)
if not(BJi]) then
B[i] « true; cA «— cA+1; A[cA] — i
end if
add_line(lines_to_treat,v = j)
if not(B[m + j]) then
B[m + j] < true; cA — cA+1; A[cA] —m+j
end if

Now we can describe precisely the algorithm for the filling operations.

The two first procedures put a point in « or remove a point from (. They
update the data for the horizontal and vertical lines passing through the point.
put_in_alpha, (4, j)

if (i,7) ¢ 8 then

exit(no solution)
end if
if (4,7) € a then

return // Nothing to do !
end if

o — aU{(i, 7))

for (p,,7') € {(h,,7), (v,,1)} do

la(at) < min(la(a?), j); a(al,) — max(ra(a?), 7'

end for

add_line(lines_to_treat,v = j)
remove_from betay (i, J)

if (4,7) € o then

exit(no solution)
end if
if (i,7) ¢ 8 then

return // Nothing to do !
end if

6 B\ (7))}

for (p,7,j',z) € {(h,,7,hi), (v,5,1,v;)} do

if 7' =12(8%) or j' <l2(c)) then
I2(8F) « next_in_betal, [j']
end if
if 5" =r2(80) or j' > r2(af)) then
r2(35)) < prev_in betal, [j ]
end if
next_in_betal, [prev_in_betal, [j']] < next_in betal, [j']
prev_in_betal, [next_in_betal, [j']] — prev_in betal, [j']
(u,u’) « search(c(8l),7"); delete(c(85),u,u")
if u < j' then
insert(c(8%),u,5")
end if
if 7/ +1 <’ then
insert(c(85), 5" + 1,u')
end if
if ' —u < z then




104 S. Brunetti, A. Daurat, and A. Kuba

delete(d(535), u,u')

end if

if 0 <j —u < x then
insert(d(35,), u,j")

end if

if0<u — (4 1) <z then
insert(d(35), 5 + 1,u")

end if

end for

add_line(lines_to_treat,v = j)

This procedure applies the filling operations on a horizontal line.
treat_line(h =)

(di)1<r<ar — d(B]) // Operation &'

for all k € [1,r] and j € [dak—1,d2r — 1] do

remove_from betas (i, j)
end for
if 11 (al) = +o0 then // Operation &
for all j € [l2(al) +1,72(af) — 1] do
put_in_alpha, (4, j)
end for
else
for all j € [la(af) + 1,5 (af) — 1] U [ri(al) + 1,72(al) — 1] do
put_in_alpha, (4, )
end for
end if
for all j € [11(B),12(6F) — 1] U [r2(B2) + 1,71(6)] do // Operation ©
remove_from betas (i, j)
end for
if 72(B") —hi +1 < 12(8") + h; — 1 then // Operation ®
if I2(al) = +0co then
for all j € [r2(8) — hi + 1,12(8) + hi — 1] do
put_in_alpha,, (4, 7)
end for
else
for all j € [r2(B") — hi 4+ 1,12(af) — 1)U [r2(ad) + 1,12(8F) + h; — 1] do
put_in_alpha, (4, j)
end for
end if
end if
if l3(al) # +o0 then // Operation ©
for all j € [I2(B1), r2(al) — hi] U [l2(a?) + hi, r2(62)] do
remove_from betay (i, )
end for

end if

Li(a?) — la(ah); r1(ah) — ra(al); L(B) — L(BM); r1(BY) — ra(Bl)

The procedures put_in_alpha, (7,j), remove from beta,(4,j), treat_line
(v = j) are similar. This is the main procedure for the filling operations.
filling operations(wo, o)

a—ao; B+ Bo
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B B\{(i,7) + hi=0orv; =0}
forallle{h=i¢:1<i<mand hy >0}U{v=j : 1<j<nandwv; >0} do
add_line(lines_to_treat,l)
end for
initialize l1, 2,71, 72, next_in_beta, prev_in_beta, ¢, d for all the lines of lines_to_treat
while not(isempty(lines_to_treat)) do
| — extract(lines_to_treat)
treat_line(l)
end while
return(a, 3)

3.3 Correctness of the Algorithm

— At the end of the executions of the procedure put_in alpha and
remove_from beta, all the variables l9, 7y, next_in_beta, prev_in beta,c,d
are updated according to the actual o and .

— The modifications of o and 3 done by treat_line correspond exactly to the
five filling operations @', @, ©, ®, ® executed in this order. In particular, if
an instruction “exit(no solution)” is executed, the filling operations lead to
a situation where oo Z 3.

— At the end of the procedure treat_line(h = i), the line h = ¢ is invariant
w.r.t. the five filling operations, so during the execution of the algorithm all
the lines which are not in 1ines_to_treat are invariant w.r.t. to the filling
operations: when lines_to_treat is empty, («, ) is invariant w.r.t. to the
filling operations.

— The algorithm stops after a finite number of steps because
(I8 \ «f,|1lines_to_treat|) decreases lexicographically at each iteration of
filling operations.

3.4 Analysis of Complexity
Let N = max({m,n}).

— The procedures put_in_alpha and remove_from beta are executed in O(1)
and O(log N)-time respectively.

— The procedure treat_line has a time complexity O(1 + plog N) where p is
the number of times the procedure put_in_alpha, or remove from beta run.

— The procedure put_in_alpha” is never done more than once on a point and
remove_from beta” is never done more than twice: once for the first four
filling operations and a second time for the fifth operation ®’. So these two
procedures are executed less than 2/N? times.

— Similarly the procedures put_in_alpha” and remove from beta’ are exe-
cuted less than 2N? times.

— The procedure treat_line is repeated less than 2N + 8N? times because
lines_to_treat is filled first with less than 2N lines and then a line is
added to it only from put_in_alpha or remove from beta. So the global
time-complexity of the algorithm is O(N?log N).
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3.5 Differences with Gebala’s Algorithm

The procedures performing the filling operations which are described by Gebala
in [I] have the same structure than the ones presented here. However our algo-
rithm presents several improvements:

— Gebala’s algorithm does not apply the fifth filling operation.

— Gebala’s algorithm uses a tree (freeg) to store the points on each line which
are not in . In our algorithm this structure is not needed because we use
the arrays next_in_beta and prev_in_beta. Thanks to this, there is no loop
in the procedures put_in_alpha and remove_from beta which simplifies the
analysis of the complexity of these procedures. Moreover these arrays need
only O(1)-time operations.

— Gebala uses two trees (treeyow and treeq) in the place of lines_to_treat.

In fact if we restrict our algorithm to work with the first four filling operations,
the ordered sequences ¢ and d are not necessary and so our algorithm runs in
O(N?)-time, that is better compared to the complexity O(N?log N) of Gebala’s
algorithm. Unfortunately, the additional fifth filling operation increases the time-
complexity of our algorithm to O(N?1log N).

3.6 Extension to Any Finite Set of Lattice Directions

Let D be a finite set of lattice directions, M be a class of lattice sets con-
taining the line-convex sets w.r.t. D. We suppose that f is a function as in
RECONSTRUCTION(M, D). The size of f will be measured by
N = maxpep(max({k : f(p,k) > 0}) —min({k: f(p,k) > 0}) +1).

The filling operations described above can be easily generalized to any set of
directions:

— The procedures put_in_alpha and remove_from beta must update the data
for all the lines parallel to one of the directions of D.

— The procedure treat_line is unchanged.

— The initial 3y is always included in G = {M € Z? : Vp € D min({k :
f(p, k) > 0}) < p(M) < max({k : f(p,k) > 0})} which contains less than
N? points.

— The time-complexity of the whole algorithm is still O(N?log N) as the pro-
cedures put_in_alpha and remove_from beta are done at most two times on
each point and each direction.

4 Consequence on the Reconstruction of Convex Sets

We now consider two special classes of lattice sets for which the new implemen-
tation of the filling operations improves the complexity of the algorithm solving
the reconstruction problem.
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4.1 Reconstruction of Q-Convex Sets

Let p = bx — ay and ¢ = dx — cy define two lattice directions, and M be a point
of Z?; the four quadrants around M are the four regions delimited by the lines
of directions p and ¢ and passing through M. More precisely;

ZEU (M) = {M' € Z* : p(M') < p(M)and g(M’) < ¢(M)} ,
ZY (M) ={M' € Z?: p(M') > p(M)and g(M') < q(M)} ,
Zy' (M) ={M' € Z?: p(M') > p(M) and ¢(M') > q(M)} ,
Z¥Y (M) = {M" € Z* : p(M") < p(M) and g(M') > (M)} .

Definition 1. A lattice set E is Q-convex w.r.t. D = {p,q} if ZL'(M)NE #0
for all k € {0,1,2,3} implies M € F..

Definition 2. A lattice set is Q-conver w.r.t. a set D of directions if it is Q-
convex w.r.t. every pair of directions included in D.

We denote the class of the Q-convex sets w.r.t. D by Q(D). In [10] it is proved
that there is an algorithm for RECONSTRUCTION(Q(D), D) which runs in time
O(N?(N? + F(N))), where F(N) is the complexity of the filling operations. We
can deduce:

Theorem 1. RECONSTRUCTION(Q(D), D) can be solved in O(N*log N)-time
where N = maxpep(max({k: f(p,k) > 0}) —min({k : f(p,k) > 0}) +1).

4.2 Reconstruction of Convex Lattice Sets

Definition 3. A lattice set is convex if it is the intersection of a convex polygon
and Z2. We denote the class of convex lattice sets by C.

If (pi)i=1..4 are four lattice directions determined by the vectors (p;)i=1..4 =
(as, bi); and with the slopes (A\;); = (—b;/a;); then the cross-ratio of the four
directions (p;)i=1...4 denoted by [p1, p2, ps, p4] is the element of R U{oo} defined
by:

(A3 = A)(Ma = Ag)

(A3 = A2) (Mg — A1)

The ordered cross-ratio of (p;)i=1..4 18 [Po(1); Po(2)s Po(3), Po(a)]; Where o is the
permutation such that A,y < As(i+1).- The ordered cross-ratio of four lattice
directions is always a rational number which is greater than 1.

It is known that if D is a set of directions containing four directions whose
ordered cross-ratio is not in {4/3,3/2,2,3,4}, then the convex lattice sets and
Q-convex lattice sets w.r.t D are uniquely determined by their projections along
D (see [11[12]). From the same scheme as in [7l[10] we can deduce:

[P1, D2, P3,P4) =

Theorem 2. If D is a set of directions containing four directions whose or-
dered cross-ratio is not in {4/3,3/2,2,3,4}, then RECONSTRUCTION(C, D) can
be solved in O(N*log N)-time, where N = max,ep(max({k : f(p,k) > 0}) —
min({k : f(p,k) > 0}) +1).
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5 The Filling Operations in Practice

In this paper we have proved that the five filling operations can be made until
the invariance of @ and 3 in O(N?log N) time. However if we do not apply the
fifth filling operation @’ this complexity decreases to O(N?). Let us consider the
following algorithm which does contain the fifth filling operation.

filling operations2(«ayg, Bo)
a <— o

B« Bo

repeat
Apply the four operations @, ©, @, ® to (e, 8) until invariance of o and
Apply the operation @' to (a, 3)

until the last operation @' leaves (a, 3) invariant

return(a, 3)

The time-complexity of this algorithm is O(IN?), where [ is the number of
iterations of the repeat loop. The only theoretical upper bound we have found
for 1 is N2. To have a better estimation of [ we have conducted the following
experiment:

— We have considered the set of directions D = {h,v} and the class of lattice
sets Q(D).

— We have generated 10° sets Q(D) having a fixed sum of m + n by the algo-
rithm described in [13].

— For each set, we have computed its projections, the initial sets g, Gy given by
the algorithm described in [7], and then the algorithm filling operations?2
is applied.

Table 1. The number of iterations in the algorithm filling operations2 applied to
the reconstruction to Q-convex sets w.r.t. the horizontal and vertical directions

mEn g, 30 50 70 90 | 110

1 996977|994865996970|997909(998468|998764
3023 | 5134 | 3030 | 2091 | 1532 | 1236
3 0 1 0 0 0 0

Table [l gives the frequencies of the number [ of iterations. In this experiment
we have always [ < 3. So it seems reasonable to make the conjecture that [ is
bounded by a constant. With it, the time-complexity of £illing operations?2
is O(N?).

6 Conclusion and Perspectives

In this paper, we presented an implementation of the five filling-operations
in O(N?log N)-time, where N is the size of the projections. The new imple-
mentation permitted to reconstruct Q-convex sets in O(N*log(N))-time from



Fast Filling Operations Used in the Reconstruction of Convex Lattice Sets 109

projections in the same directions as the ones used for Q-convexity. This repre-
sented an improvement of the previous fastest algorithm which run in O(N®)-
time.

The introduction of the fifth operation has permitted to reduce the complex-
ity of the reconstruction because it allowed to fix two points instead of four.
Additional considerations could perhaps induce a faster algorithm. In particu-
lar, the phase which fixes some points (bases) could be faster in the case of three
directions and more, because in this case experiments show that these bases are
very rarely needed (see [I4) Annexe B]). This could lead to an algorithm with a
complexity of O(IN?)-time, but at the moment we have only experimental hints.
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Abstract. We consider the two-projection tomography problem, assum-
ing a priori known prohibited region. We show that a modification of
Ryser’s reconstruction algorithm gives a solution. We then study the re-
lation of the switching graph for the solution sets with and without the
prohibited region. Finally, we apply our idea to get a better reconstruc-
tion figure imposing prohibited region artificially.

1 Introduction

We consider the reconstruction problem of a discrete plain figure F' contained
in a rectangle I from its two projections f,(x) and f;(y) along the y- and a-
axis, respectively. This is equivalent to finding a binary matrix from its column-
and row-sums, but we prefer the geometric notation better related with the
continuous tomography. See [I1] for general reference on this problem. In this
report we assume that F is a priori known to have no building cell (that is, filled
with 0 for the binary matrix formulation) in a subregion J of I, and consider
the reconstruction problem with this constraint.

We show that under the assumption of uniqueness for J Ryser’s algorithm
for the reconstruction without constraint can be modified to obtain a solution
of this problem. Then we study the structure of the solution set by means of a
graph, extending our former work [7] for the full solution set without constraint.

Then we apply our idea to obtain a better solution of the reconstruction
problem without constraint, by setting artificial constraint as a priori knowledge.
This works faster than the strategy of successive improvement adopted so far.
In the final section we try characterization for the prohibited region.

The reconstruction problem with rectangular constraint was considered by
Brualdi and Dahl [3]. In [4] an equivalent result for unique figure J is announced

* Partially supported by Grant-in-Aid for Scientific Research No. 16540140.

A. Kuba, L.G. Nyul, and K. Paldgyi (Eds.): DGCI 2006, LNCS 4245, pp. 110-[IZ1] 2006.
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without proof. We hope that our reconstruction algorithm is simple and practi-
cal. As further related works, Fulkerson [5] considered reconstruction of binary
square matrices with zero diagonal, which is a typical non-unique figure. Also,
Kuba [I0] studied problem of reconstruction with prescribed 1’s, which is inti-
mately related with the present problem, but not equivalent (see Remark [I] (2)
of §2). The work of Anstee [I] can also be understood of reconstruction with
prescribed 1’s. We thank the referee for informing us these references.

2 Setting of the Problem and Reconstruction Algorithm

Let I denote the rectangular region a < z < b, ¢ < y < d in the first quadrant of
R?, where a,b,c,d € Z. Let F be a subregion of I which is the union of integer
cells Cy; :=[i,i + 1) x [§,j + 1). We shall denote its characteristic function also
by F. Thus its y-projection f,(z), or z-projection f;(y) is defined as

d b
folz) = / Fla,y)dy,  fuly) = / F(z,y)dz. (1)

These take integer values, representing the number of cells in the respective
columns or rows. The reconstruction problem from the two projections is to find
F from the projection data f = {f,(x), fz(y)}. Define the arrangements by

Joy(x) = meas{y; fo(y) >z}, fya(y) = meas{z; f,(z) > y},
fyay(x) = meas{y; fy.(y) > z},

where meas denotes the one-dimensional length. In the discrete case, this is
equivalent (modulo measure 0) to the permutation of the columns or rows in
decreasing order and finally view all from the x-axis. Then the consistency con-
dition, that is, the condition for the existence of a solution, given by Lorentz,
Gale and Ryser is

vz /0 Fan(t)dt > /0 Feg(Ddt,  and /O Fog(t)dt = /0 Fyey (1),

The uniqueness of the solution is assured if and only if the equality holds for all
x in the first inequality above. For further information about this problem see
the survey article [I1]. We here recall only necessary materials.

First we review Ryser’s reconstruction algorithm in a form given in [6]. We
shall call this hereafter the Ryser-Kaori algorithm without constraint.

1. Choose the tallest column from f,(x). In case of tie, choose the leftmost one.

2. Remove this column from f,(x) and at the same time, remove the same
number of cells from f,(y) one for each row by the strategy of the longest
row first.

3. Modify the graph of f,(y) crashing the removed cells toward the y-axis.

4. Return to 1 if there still remain cells in the projection data.
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Now we have a subregion J C I where we should not place any cell in recon-
struction. In what follows we assume that J constitutes a unique figure, that is,
there is no other figure having the same projection data. Note the following.

Lemma 1. J is unique if and only if by a permutation of columns and rows it
18 brought to the form of Lorentz’s renormalization of the projections, that is,
to the form of union of height-decreasing adjacent subrectangles with the lower
edge common to that of T (see Figure[l) :

J=J1UJoU---UJ,.. (2)

In fact, the sufficiency is obvious. For the necessity, we can obviously find a
permutation bringing the y-projection fy(x) to the monotone decreasing form.
Then by the assumption of uniqueness, the y-projection fs,(x)of the z-projection
f+(y) agrees with this. Since the y-projection is achieved by a permutation of
rows, after these two permutations the y- and z-projection of J agree with this
monotone figure. In view of the uniqueness, J itself has the same form.

Thus, we shall assume henceforth without loss of generality that J has the
above form (2I).

Fig. 1. Figure with prohibited region and its projections

Now we explain the reconstruction algorithm. We assume that the projection
data are J-consistent, that is, there exists at least a solution with J as prohibited
region.

1. Fori=1 tor do

2. Choose the tallest column from f,(z) among those above J;. In case
of tie, choose the leftmost one.
3. Remove this column from f,(z) and at the same time, remove the

same number of cells from f,(y) one for each level by the strategy of
the longest level first, but among the rows not touching J;.

4. Modify the graph of f,(y) crashing the removed cells.

5. Return to 2 if there still remain cells above J;.

6. End for.
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Theorem 1. The above algorithm successfully gives a reconstruction figure
which does not contain any cell in J, provided that the projection data are
J-consistent.

Proof. We proceed by the induction of the total number of cells in the figure.
The case of one cell is trivial. Assume that the assertion is true for any J and for
any J-consistent projection data up to n cells, and consider a problem with n+1
cells. By the assumption of J-consistency, there exists a solution figure F' which
we may not know concretely. Following the above algorithm, we first choose the
tallest column among those above J;. For each cell in this column, we pick up
a cell from f,(y) at the longest row not touching Jy. If the chosen cell exists in
the figure F', we are correctly diminishing the data. If we chose a cell, say P,
from a row where there was no cell in that column of the figure F', then there
should exist a cell of F', say P’, in the column of P which was not chosen by the
reconstruction algorithm. On the other hand, P comes from a cell of F, say @,
in another column by z-projection, There are several candidates of such @, but
we claim that among them there is at least one such that P’ and @Q constitute
a switching component in F', that is, the place R in Figure [ is vacant. In fact,
if all the counterparts in the row of P’ are occupied by the cells of F', then the
z-projection at the row of P’ will have length greater than that at the row of
P. This violates the rule of algorithm that we should pick up the cell from the
longer rows of f,(y) first. This argument applies to all cells chosen in relation to
this column. Thus after removing the column from fy(z) and the corresponding
cells from f,(y) there remain projection data which come from a true figure F”
obtained by several switching as mentioned above from F'. This means that the
remaining projection data are J-consistent, and by the induction hypothesis, we
can obtain a solution of reconstruction with the constraint. By adding the first
treated column to this solution, we obtain a solution for given size. a

P
P

=

Fig. 2. Proof of justification of reconstruction algorithm

The converse is obvious: if our algorithm ends up using all the cells in the pro-
jection, we obtain a reconstruction with the given constraint J. Thus it presents
a practical criterion for the J-consistency.

Remark 1. (1) The direct application of Ryser-Kaori algorithm, that is, process-
ing from the tallest of all columns ignoring J, does not work. Figure B] is such
an example.
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(2) One may think of an alternative algorithm such as filling the prohibited
region by cells and applying Ryser-Kaori algorithm without constraint, then
removing the cells in the prohibited region will give a desired solution. But in
general it is not easy to obtain a reconstruction of which the prohibited region
is filled with cells. See, however, §5 in this respect.

LA
A

J

NN

SRR

SNNEN
~

Fig. 3. Necessity of modification of reconstruction order
3 Switching Graph

It is well known that a figure is non-unique, namely, there is another figure with
the same y- and z-projections, if and only if it contains a switching component.
For a non-unique figure we can relate a graph to the solution set by considering
each solution as a vertex, and connecting a pair of solutions by an edge if and
only if they are transformed by one switching operation. This graph seems to
have been first introduced by Brualdi [2] under the name of interchange graph.
Later, [9] re-intruduced it and called Ryser graph. Ignoring these, we called it
the switching graph and studied its properties with many examples. Further we
gave a direction to each edge showing the type modification from type 2 to type
1 (see Figure H), thus producing the switching digraph ([7]). Since we employ in
the sequel permutation of columns and rows which may change the direction of
engaged edges, we only consider the switching graph in this paper.

Fig. 4. Switching components and switching operation: type 2 (left) and type 1 (right)

We shall denote by G ; the switching graph for the solution set with constraint
J, and simply call it the J-constraint switching graph. If distinction is preferable,
we shall call the switching graph G of all the solutions without constraint the
full switching graph and further add the projection data like G[f] or G[f]. It is
obvious from the definition that for any J (not necessarily unique) G becomes
a full subgraph of G. Although G is known to be connected by Ryser’s theorem,
it is not obvious if G; is connected, too. We shall first establish this.

Theorem 2. Let J be a prohibited region which is a unique figure. Then the J-
constraint switching graph Gy is a connected full subgraph of the full switching
graph G.
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Proof. The prohibited region J is constructed step by step, by adding a cell each
time from left and from bottom, so that

0=JoCcJ1CJoC-CJpn=1J,

where each Jj, consists of k cells in the renormalized form, that is, consists of sub-
rectangles with the bottom edge on the z-axis and with decreasing heights. The
corresponding constraint switching graphs G j, constitute a decreasing sequence
of full subgraphs

G:GJODGJl DGJzD...DGJm:GJ'

Assume that G is not connected. Since G is connected, there exists the minimal
k such that G, j = 0,1,...,k is connected but G4 is not. Note that Jy4q1 =
Jp U{P}, for some cell P. Let A, B be two vertices of G, ,, which are connected
by a path 7 in G, , but never in G, ,. We can assume that the other vertices
of v are not in G, ,, and moreover, vy is the shortest among such paths. These
vertices are obtained from A by several switching operations employing the cells
of A and using the place or cell at P. Since the region to the left and below P are
totally contained in Jg, the cells of A participating in the switching operations
together with P must lie to the right and above P. Thus in observing what
happens along the path v we can restrict our consideration inside this rectangle.
(There may be cells below P and to the right of Jg, or above Ji and to the
left of P. But these do not mutually switch. Hence the argument below is not
essentially affected by these cells.) This means that we can only consider the
case where J consists of a single cell to the leftmost and the lowest place, which
we shall denote by J by abbreviation of notation, just like the initial step of an
induction argument.

Note also that since J is in the prohibited region, the figure A does not have
a cell at J. By the same reason, the figures corresponding to the vertices of ~y
other than the endpoints should all have a cell at J. In fact, if there exists a
vertex C' in the midst, which does not contain J in its cell, then it is a due vertex
of G, ,,, hence either of the subpaths AC' or CB would be a path shorter than
v and connecting two vertices in Gj, which are disjoint in G, ,,. This violates
the choice of . Just by the same reason, vertices not adjacent to the endpoints
of v do not contain any cell which constitute a switching component with .J.

Thus we assume hereafter that J is the left-lower corner cell of I and show a
contradiction, assuming that + is a minimal path connecting two vertices 4, Z
of Gy in G. The first edge of v corresponds to the switching of P,Q € A bringing
P to the hole J, and Q to some vacant place Q' in I\ J, thus producing a new
figure B, the second vertex of «. First note that

(0) Z can never be the next vertex of B.

In fact, if so, J must switch with another cell R, as in Figure[Hl But if position U
is vacant in A, then we can execute this modification without using the position
J, namely as a path in G1, by the series of switchings @Q-R, P-U. On the other
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hand, if U is occupied, then the same modification is also realized as a path
in G; by the switchings P-U, Q-R. Thus the vertex C' next to B should be
in G\ G1. The passage from B to C, or more generally, any inner edge of -,

T UB @R i AR %

P i = PO = Pi:0'H

JOoos i JB Jit AR
A B Z

Fig. 5. Case where the length of ~ is 2

never corresponds to the switching of cells independent of those touched before,
because otherwise, that switching could be preprocessed before the first edge,
thus shortening . Hence the second edge B to C corresponds to either of

(i) the switching of Q' with another cell R € I\ J (see Figure [6 upper),
(ii) the switching of a new pair R, S in I \ J executed using the vacant place
after P or (Q moved.

Since the essence of the problem does not change by the reflection with respect
to the diagonal passing through J, we can assume without loss of generality that
it is the place of ) which is used in (ii), as in Figure [6] lower.

V& I ER o'\ i
PE it o> = P @R
JO Qe J

A B C

RE R@ i @Es

PE i = P O'H = P Q'H
JOom @s J@a 1 @Es JEREA

A B C

Fig. 6. Path A-B-C; upper: case (i), lower: case (ii) (only concerned cells are shown)

Let us consider case (i). Note that R can never be in the same column as P.
In fact, if so, we may directly switch R with @, obtaining the same figure C,
thus shortening ~. Hence the above Figure [d represents the general situation.
Next note that the places denoted U, V in A are both occupied by the cells of
A. In fact, assume e.g. that U is vacant. Then, we can preprocess the switching
of Q and R, to Q” and U. Then the above portion of v is shortened to one
edge corresponding to the switching of P and U. The same is true of V. Now
we have to consider the next edge. Assume first that it ends at Z. Then a new
cell S switches with J. In this last figure, however, we can see the switchable
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i s @S o @S 2
7 R Bo'm i
Pz : ) o> Pl 1 ER = P
JOoz & i J@E @ J@ @i Jii o @mas
U
A B c z

Fig. 7. Case (i) where v = path A-B-C-Z

o s I ms - S s
B i ER Z1 L ER A T ER & 1
) o7 B => P Ayt = P T HEy => P AR
JO Q& ol JEQ®E i Jiiom@mii|g Jioro R
U U
A B’ z' z

Fig. 8. Shortened path A-B'-Z'-Z

pair Q"-U. After switching this, we obtain another figure Z’ contained in Gy,
which can be connected with A by a shorter path as in Figure[8l This contradicts
the minimality of . There is a case where S is in the same row as P, but the
conclusion is the same.

Thus the above path continues to one more inner vertex A-B-C-D with
D € G\ G1. We can show in this way that we can never reach the end vertex Z.
See [8] for the detailed proof. The case (ii) can be discussed similarly. O

Remark 2. When the prohibited region J is not unique, the connectivity of G ;
is not necessarily assured. Figure [l presents such an example. There G ; consists
of the two shadowed vertices to the right at the top and the bottom of G.

Ferh
J@ EF‘EI DDD

| O

o

Fig. 9. Example of disconnected constraint switching graph

4 Experiments

We apply our construction to discretized slant ellipse. Figure [[0h is the original
figure. Figure [[0b is the Ryser-Kaori reconstruction without constraint, and
Figure [[0c the type 2 to 1 modification. The value indicated in each figure
denotes that of the standard weight function introduced in [6], which increases
by the type modification:

w(F) = Z ij, where Cjj =1[i,i+1) x [j,7+1).
CijCF
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If we apply the combination of randomized regression and type 2 to 1 modifica-
tion, we soon fall in a strong local maximum as in Figure [[0d hard to get rid
of. On the other hand, if we apply our algorithm with prohibited region J as in
Figure[I0g, we obtain Figure[[Ok. The type 2 to 1 modification with J-constraint
gives Figure [IOF. This time, a number of regression and type 2 to 1 modification
with J-constraint easily regains the original figure as shown in [[0k.

|

a. 174074 b. 160008 c. 168356 d. 168735

|

e. 159944 f. 170293 g. 174074

Fig. 10. Reconstruction of slant ellipse

5 Condition for Prohibited Region

In the above experiment, we have set a prohibited region from the known orig-
inal figure. It is, however, desirable that we can set such a region only on the
knowledge of the projection data. We therefore examine here a necessary and
sufficient condition for J which allows at least one reconstruction for the given
projection data. In this section we treat general subsets as prohibited region and
do not necessarily require their uniqueness.

Lemma 2. Let J be unique, and let f = {f,(x), f=(y)}, f" = {f,(x), f2(v)} be
two pairs of J-consistent projection data. Assume that

Vo fy(x) < fy(@), Yy foly) <L), Iy = fullo =1 [If2 = fallor =1,

that is, they are different only by one cell. Then there exist reconstruction F
from [ and F’ from f’, each with J-constraint, such that the Hamming distance
of F, F' is equal to 1, that is, differing only by one cell.

Proof. We shall assume that the columns and rows are so arranged that J has
the renormalized form. We proceed by induction on the size n of f. For n = 0, the
assertion is trivial. Let it be true for any J and for any J-consistent projection
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data, where f has up to n — 1 cells, and consider the case of n cells. We apply
the modified Ryser-Kaori algorithm for reconstruction with J constraint. Let us
take the tallest column from fy(z) in the range of Ji. By permutation of these
columns, we can assume without loss of generality that this column is leftmost
and that it is the tallest of f;(m) among J1, too. In fact, if this is not the case, it
means that the cell was added to another column of f,(x) of the same height in
the range of J;. Then we could take this latter column from the beginning. Now
process the lowest cell of this column by the modified Ryser-Kaori algorithm and
stop. This should produce the same cell P outside J to the reconstruction figure.
By the permutation of rows above J;, we can assume without loss of generality
that P is just the next cell above the leftmost column of Jq, hence J U {P} is
still a unique figure. Since this algorithm can be continued to finally produce
a legitimate solution with J constraint for each projection data, the remaining
projection data should be JU{P}-consistent, and have n— 1, resp. n cells. Thus
by the induction hypothesis, these should have at least one reconstruction Fp,
Fj with J U {P}-constraint of Hamming distance = 1. Then F = Fy U {P},
F’' = Fj U {P} will be a desired pair of reconstructions with J-constraint. O

Lemma 3. Let f = {f,(z), fz(y)} be a consistent pair of projection data. Then
for a cell P, the projection data augmented by P, f + proj(P), is consistent if
and only if there exists a reconstruction F for f for which the place P is vacant.

Proof. The sufficiency is obvious: if f admits a reconstruction F' for which the
place P is vacant, then, the augmented projection data will be those for a valid
figure FU{P}. Let us prove the necessity. Assume that the augmented projection
data is consistent. Then there are reconstructions for the augmented data. If
there is one F’ among them for which the place P is filled, then, FF = F'\{ P} will
be a reconstruction for the original data with the place P vacant. Thus assume
that the place P is always vacant in any reconstruction F’ for the augmented
projection data and nevertheless that P is always present in any reconstruction
F for the original data. Then the Hamming distance of F' and F’ gains one at P,
and at least 2 outside P, because |F\{P}| =n—1and |[F'\{P}| =|F'| =n+1.
Thus it is > 3, contradicting Lemma [2 (applied with J = 0). O

Employing Lemma Bl repeatedly, we can add a cell at any place as well as the cor-
responding augmentation of the projection data keeps the consistency of Lorentz-
Ryser. Thus we can finally reach a unique figure. But this does not imply that
we can adopt the place of thus added cells as the constraint set. We have, how-
ever, the following criterion for prohibited region which is verifiable only from
the projection data:

Theorem 3. Let f = {fy(x), f2(y)} be a consistent projection data. A region
J (not necessarily unique) can be set as a prohibited region to the data f if
the augmented projection data f + proj(J) satisfies the consistency condition of
Lorentz-Ryser, and if J is incrementally constructed cell by cell in such a way
that each column is filled until it is mazimal satisfying the consistency. Any (not
necessarily unique) subset of a set constructed in this way is again an admissible
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prohibited region. Especially, we can construct a subregion J such that I\ J is a
reconstruction from f.

Thus a subregion of such J consisting of rectangles in the renormalized form can
serve for our discussion hitherto.

Proof. Since the order of adding cells is inessential, we can assume without loss
of generality, that we add cells starting from the leftmost column and proceed
upward, verifying the consistency cell by cell. In view of Lemma [3] the first cell
can be added if and only if f admits a reconstruction with this cell vacant. Hence
this cell certainly constitute a part of J. Assume that we proceed in the first
column and successfully added Jox = Uf:o Coj, where Cy; = [0,1) x [,7 + 1),
having a reconstruction from f + proj(Jor) with these cells filled. The next cell
Co,k+1 can be added, again in view of Lemma [3] if there exists a reconstruction
from f + proj(Jox) with this cell vacant. But this may have also vacant place
among Jor. We claim that nevertheless there is a reconstruction with Joyy filled
and with Cj ;41 vacant. This is not obvious, but can be proved by an elementary
argument similar to that of Theorem[Pl We omit the details. If on the other hand,
Co k+1 cannot be added, it is filled for all reconstructions from f + proj(Jox),
hence especially for those with Jy filled. Thus we proceed to the next upper cell.
Continuing this, we finally fill whole the first column with original and added
cells. Therefore this column does not concern the problem hereafter, and the
argument goes just in the same way with the next column. a

Though the cell-handling order can be arbitrary, a well arranged one is prefer-
able to obtain a better figure. In Figure [[1] we show two examples against the
projection data of Figure [[0h. In each figure, the black region shows J and the
complement presents a reconstruction canonical in some sense.

Remark 3. We cannot omit the assumption of maximality of J in the above
theorem. Actually we have a counter-example as in Figure[I2l This shows in the

o

Fig. 11. Reconstructions of slant ellipse with maximal prohibited region; left: from
leftmost column; right: from the highest column

i
b + 5 = ok

12 23 123

Fig. 12. Counter example without the assumption of maximality
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same time that the assertion “if f, f’ are two pairs of consistent projection data
and f U f’ is also consistent, then there exist reconstructions F', F’ of f, f’ such
that F'N F’ = () is false even if all projections are unique.

In general, it is difficult to find the relation between switching graphs G|[f]
and G[f U proj(J)]. We now see, however, that they are connected through the
common connected full subgraph G ;[f].
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Abstract. The Mojette transform is an entirely discrete form of the
Radon transform developed in 1995. It is exactly invertible with both
the forward and inverse transforms requiring only the addition operation.
Over the last 10 years it has found many applications including image
watermarking and encryption, tomographic reconstruction, robust data
transmission and distributed data storage. This paper presents an elegant
and efficient algorithm to directly apply the inverse Mojette transform.
The method is derived from the inter-dependance of the “rational” pro-
jection vectors (ps,q;) which define the direction of projection over the
parallel set of lines b = p;l — g;k. Projection values are acquired by sum-
ming the value of image pixels, f(k,[), centered on these lines. The new
inversion is up to 5 times faster than previously proposed methods and
solves the redundancy issues of these methods.

1 Introduction

The Mojette transform is a form of Radon transform. It is an entirely discrete
mapping which requires only the addition operation and is exactly invertible.
It was first proposed by Guédon, Barba and Burger in 1995 [I] in the con-
text of psychovisual image coding. It has since been applied in many aspects
of image processing such as image analysis [2], image watermarking [3], image
encrytion [4], image compression [5] and tomographic image reconstruction from
projections [6l7]. The unique properties of the transform have also made it a use-
ful multiple description tool with applications in robust data transmission [§] and
distributed data storage [9]. A summary of the evolution and applications of the
mojette transform entitled “The Mojette Transform: the First Ten Years” [10]
was presented at the last DGCI conference.

Since the Mojette transform is pre-dominantly used as a tool, (e.g., for image
analysis, to apply a watermark, for channel coding), the transform and inversion
procedure should be as efficient as possible especially for real-time applications.
This paper presents an inversion algorithm which uses a geometrical approach
to streamline the reconstruction process.

Section [ recalls the definition and some important properties of the Mojette
transform as well as the methods for exact inversion utilised to date. Section [3]

A. Kuba, L.G. Nyul, and K. Paldgyi (Eds.): DGCI 2006, LNCS 4245, pp. 122-{I33] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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outlines the proposed geometry driven inversion method. Simple cases where
g; or p; is constant for all I projections are presented in Sections [3.] and
These results generalised for the inverse to apply to an arbitrary set of (p;, ¢;) in
Sections[B3and B4l A comparison between this method and previously proposed
reconstructions is presented in Section [ followed by a conclusion in Section

2 The Mojette Transform

2.1 The Forward Transform (Projection)

The linear integration of the discrete 2D function f(k,l) is obtained via the
Mojette transform over a set of I pre-defined rational angles, 6; = tan™1(q; /p;).
The pairs of integers defining the angles, (p;, ¢;) must be relatively prime, i.e.,
ged(pi,¢;) = 1, and since linear integration is directionally independant, g¢; is
restricted to ZT (except for the case p; = 1,¢; = 0) to ensure 6; € [0,7][.
Assuming a Dirac pixel model the linear integrations become sums over the
pixels centred on the lines b = ¢;k — p;l. The Mojette projection operator is
defined as

|
—

P-1Q

M{f(k, 1)} = Proj(pi, qi,b) = > Y f(k,D)3(b+ pil — gik), (1)

k=0 1

Il
=)

where §(n) is the Kronecker function, i.e., §(n) = 1 if n = 0, otherwise §(n) =
An example of these projections is given in Fig.[Il The number of linesums called
“bins” per projection, B, for a P x @ image is found as

with b € [0,B; — 1] for p; < 0 and b € [—(Q — 1)p;, (P — 1)g;] otherwise. For

a transform with I projections, unique inversion is possible provided the Katz
criterion [T1] is satisfied, i.e.,

I—-1 I—-1
P<Yipl o Q<Y an (3)
1=0 1=0

This criterion was generalised by Normand, Guédon, Phillipé and Barba [12]
for images of arbitrary shape. Their scheme generates the minimum sized ghost
functions ,(i.e., functions that exist in the image but disappear in the projections,
refer to [1I] for more detail) as a sequence of 2D convolutions with all two pixel
structuring elements formed from the set of projection slopes ¢;/p; by 1 at (0,0)
and -1 at (p;, ¢;). Any array which cannot contain the minimum ghost generated
by the projection set therefore has an empty null-space and must have a unique
inverse.
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Fig. 1. Four projections of a 4 x 4 image f(k,[), Proj(—1,1,b), Proj(0, 1,b), Proj(1, 1, b)
and Proj(2,1,b)

2.2 The Inverse Transform (Reconstruction)

When the Mojette transform was first proposed a recursive algebraic method
was used for reconstruction. The following year a fast and more direct technique,
requiring addition operations only was proposed by Normand, Guédon, Philippé
and Barba [12]. It solves for one pixel at a time and subtracts this value from the
bins that include this pixel in each of the I projections [12]. The reconstruction
propagates from the image corners (where there is only one pixel value per bin)
to the centre. The first step of the inversion for f(k,l), as given in Fig. [ is
shown in Fig. Zh. For each of the PQ pixels there are O(I) operations, so the
complexity of this technique is O(I PQ). If the number of projections, I, is chosen
to be log(PQ), the Mojette transform has similar complexity to that of the fast
Fourier transform [12].

There are two minor problems with this method. First, locating the bins
in a projection which can be back projected (i.e., those bins for which only one
pixel value remains unknown along its corresponding line of projection). Second,
determining which one of the pixels, (k,1), in the line of projection, b = ¢;k — p;l,
is yet to be reconstructed.

A simple method is utilised to overcome these problems. Two “comptabilité”
(or accounting) images are projected with the same projection sets and recon-
structed simultaneously with the unknown image. The first of these is a unitary
image, i.e., an image where f(k,l) = 1 for all pixels. The second is an indez
image which labels the pixels according to a raster scan, i.e., f(k,l) =k + [ P.
The projections of these images assist with the respective problems above. This
inversion technique will be referred to as the Comptabilité Mojette Inversion
(CMI) method.

In recent years, two reconstruction methods involving back-projection have
been proposed in the context of applying the Mojette transform to reconstruct
medical images from continuous projections. The first of these is an exact method
which was discovered by Servieres, Normand, Guédon and Bizais [7]. Given all T
possible projections in the P x @ array, back-projection (M*) yields I —1 times
the original pixel value plus the sum of the image, fsum (which can be found as
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(a) (b) (c)

4-1=3 4-1=3 T12=12 0-12 = 18) 4-0=4 5-0=5

1-1=0 T 0-0=0

Fig. 2. Reconstructon via the CMI method. (a) A candidate bin is selected in the
projections of the unitary image. (b) The value in the corresponding projection bin of
the index image gives the pixel to be reconstructed. (¢) The value in the corresponding
projection bin of the image gives the pixel value. The projections of all 3 images are
then updated simultaneously.

>, Proj(pi, ¢i, b) for any projection), i.e.,

I-1
M*{Proj(phqh b)} = f(k/7 l/) = ;) Proj(pia Q’uqzk _pzl)

- ; FO6 1Sk — K) — pil— 1)
= (I - 1)f(k/7 l/) + fsum~

The set of projections can be found from (p;, ¢;) being all the points visible from
the origin, i.e., Farey points, of the P x @ array and all symmetries, (—p;, ¢;).
Assuming a uniform density of Farey points in the plane, approximately I =
12PQ/w? projections are required.

The second back-projection technique uses the conjugate gradient method [13]
to minimise || M*b—M* M f||? where f is the reconstructed image. Both of these
inversions are relatively stable in the presence of noise and therefore ideal in this
context. The exact back-projection however requires a very large number of
projections and the conjugate gradient method, while it does give the inverse, is
unnecessary in the case of reconstruction from uncorrupted discrete projections.

Since the Mojette transform is often used as a codec in data transmission,
the most efficient inversion possible is required for real time applications. The
following section outlines a very efficient inversion method which is similar to
the CMI method but determines the inter-dependance of projections using graph
theory to remove the accounting problems.

(4)

3 A Geometry Driven Reconstruction

For this method of reconstruction, it is assumed that Zi[;ol q¢; = Q. Any redun-
dant projections are ignored. The reconstruction is performed from left to right,
(reconstruction from right to left, top to bottom and bottom to top are symme-
tries of this method). These two properties imply this algorithm can reconstruct
images of infinite size, “on the fly”, only the image height ) must be finite, P
is not restricted.
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When reconstructing an image (according to the above criteria) using the
CMI method, the reconstruction can be seen to originate in the image corners
retaining a convex region of unknown pixel values and then propagates towards
the right. Once the initial trivial section in the corners is completed, it can
be noticed that the projections and image rows are linked, in that a unique
projection is utilised to reconstruct every pixel in a given row. The algorithm
proposed here takes advantage of this. To describe how, it is preferable to begin
with a simplified case where all projections have a common value for ¢; of 1.

3.1 The Case Where q; = 1 for i € Zq

This case commonly arises when the Mojette transform is utilised for multiple
description coding in packet data transmission []. If the set of projections are
sorted by p;, (i-e., po < p1 < ...), and reconstruction is performed from left
to right, then row r of the image, f(k,r) for k € Zp, is reconstructed by the
Mojette projection, Proj(p,, 1, b).

Proof. Assume on the contrary that projection, Proj(pg—1,1,b), is used to re-
construct the pixel value f(k,l) on a row other than @ —1,ie,0<1< @ — 1.
This implies that the pixel value f(k+pg—1,{+1) has already been reconstructed
by some projection other than Proj(pg—1,1,b), say Proj(p,, 1,b). Thus the pixel
value f(k+ pg—1 — pr,!) must have been reconstructed and since pg_1 is the
largest in the set of p;, then k£ + pgo_1 — pr > k and this pixel is further right
than f(k,1). However, it can not be known if reconstructing from left to right;
A contradiction.

Therefore, only row @ — 1 can be reconstructed by Proj(pg-1,1,b). Since
reconstruction requires that only one pixel remains unknown in the line of pro-
jection, Proj(pg—1,1,b) can not be used to reconstruct any other row. Therefore,
this proof can be repeated to show Proj(pg—_2, 1,b) must reconstruct row @ — 2
and so on, down to Proj(po, 1, b).

Intuitively this can be seen as ordering the projections by the slope (or angle)
of their corresponding line of projection. This gives a convex hull to the recon-
struction region that ensures the lines of back-projection can cut the hull such
that only one pixel on the line lies within the hull; The condition necessary for
reconstruction.

Since each projection corresponds to one row of the image, a dependancy
graph can be constructed to show the relationship between the projections in
reconstruction. The dependancy graph for the example image of Fig. [l is given
in Fig. [Bh. Here vertices correspond to pixels and directed edges represent the
dependancies of each pixel on other pixels being reconstructed in the inversion
process.

Two simple paths can be found to traverse the graph (as shown in Fig. Bb-
i and b-iv for the example). The reconstruction process involves beginning to
the left of the image, so that only the rightmost of the vertices in the path
intersect image pixels in column zero, and reconstructing pixel values according
to the path. The distance the path is initially shifted is referred to as the offset.
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(a) (b)
® (ii)

2,1 _ 2,1- 2,1-
1,1 1,1
1’1 _ . - - - . 0,1 0,1
A1 -1,1-

) ' ' Y ) ) (i) (iv)
0’1 _ - - - - > 2,1- 2,1-
A A A A A A 1.1 1.1
-1 ’17 > - > > > 0,1 0,1
1,1 1,1

Fig. 3. (a) The dependancy graph for the example image. (b) The 4 possible recon-
struction paths.

The path is then shifted right 1 pixel and the entire process repeated until the
last pixel value in column P — 1 of image is reconstructed. This process will be
referred to as the Balayage (or sweeping) Mojette Inversion (BMI) method.

The path through the graph termed a reconstruction path does not necessarily
have to traverse from one side to the other. Two seperate paths originating from
opposite sides of the graph can terminate at a common vertex in the graph
(some examples are shown in Fig. Bb-ii and b-iii). To optimise the reconstruction
algorithm, it is desired to find the most compact path possible.

The offset for two paths in the graph terminating on row r due to all projection
vectors with negative gradient is found as

r Q-2
Offset™ (r) = > max(0, —p;) + > max(0, —p;)
i=1 Q—2Z:T (5)
= maX(O, _pT) + Z ma‘X(O7 _pl) = ma‘X(07 _pT) + S_a
i=1

with positive gradient is found as:

where ST = Z?:f max (0, —p;). Similarly the offset due to all projection vectors

T Q-2
Offset™ (r) = >~ max(0,p;) + Y. max(0,p;)

i=1 Q_2i:r (6)
=max(0,p,) + >, max(0,p;) = max(0,p,) + ST,
i=1

where ST = Z?_f max(0,p;). The width of the reconstructed path is deter-

mined by the maximum of these two offsets. The objective is therefore to find
an r which minimises

Offsetioral = max(Offset ™ (1), Offset ™ (r)). (7)

Let S=5"-8T= 2?;12 —p;. Note that if S~ > ST then any p, € [0, S] has
no effect on Offsetyota;. Similarly, if S— < ST then any p, € [S,0] has no effect
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on Offsetiotal. Therefore the optimal p, lies in the range [min(0, S), max(0,.5)].
If there is no p, within this range then that which is minimises the following
should be selected;

( L min(0, S) + max(0, 5))2

- — (b — 0.59)2. (8)

BALAYAGE INVERSION ALGORITHM (for ¢; = 1 for i € Zj)
> Input: Set of projections, Proj(p;, 1,b), ordered with increasing p;
> Output: Reconstructed image, f(k,l).

Begin
2 > Compute S~, S and S
2 S_minus « S_plus < 0
3 fori—1to @ —2do
4 S_minus < S_minus + max(0, —p;)
5 L S_plus « S_plus + max(0, p;)
6 S «— S_minus — S_plus
> Determine the rendezvous row r
7 temp — (po — 0.55)?
8 r—0
9 fori—1to@Q —1do
10 if (p; — 0.55)? < temp then
11 temp « (p; — 0.55)?
12 71
> Determine the initial image column offset for each projection
13 offset(r) < max(max(0, —p,) + S_minus, max(0, p,.) + S_plus)
14 fori—r+1toQ—1do
15 | offset(i) «— offset(i — 1) + pi—1
16 for ¢ — r — 1 downto 0 do
17 | offset(i) «— offset(i + 1) 4 pi41
> Begin reconstructing image, f(k,1), at column k = —offset(r)
18  for k «— —offset(r) to P — 1 do
19 for!{ —0tor—1do
20 £k, 1) — Proj,(k — pil)
21 fori—0to@—1do
22 | Proj;(k — pil) — Proj;(k — pil) — f(k,1)
28 for | — (Q — 1 downto r do
2/ k' — k + offset(r) — offset (1)
25 F(K, 1) = Proj (k' — pi)
26 for i —0to@ —1do
27 | Proj;(k" — pil) < Proj;(k" — pil) — f(K',1)
28 End

This reconstruction procedure can be trivially generalised to the case where all
qi = m for m € Z*. In this instance each projection Proj(p;, m,b) reconstructs
m consecutive rows of the image. The reconstruction paths are simlar to that
for the above case with ¢; = 1 but with m passes shifted down a row each time.



A Geometry Driven Reconstruction Algorithm for the Mojette Transform 129

An example directed graph and reconstruction path for m = 3 is presented in
Fig. @h. Another simple case for the reconstruction occurs when p; is constant
for all projections as is discussed in the next section.

3.2 The Case Where p; = m for ¢ € Zj

This case where m = 1 is the most common type of angle set used for transform-
ing images with minimal redundancy as described in [12]. Since p; is constant,
for a proof similar to that given in section Bl to apply, the projections must be
sorted in order of decreasing ¢;, (i.e., gqo > q1 > ...), then the r** set of ¢; rows
of the image, i.e., from row R+ 1 up to row R + ¢, where R = z:;ol qi, are
reconstructed by projection Proj(m, g, b).

Since all ¢; > 0 the set of reconstruction paths all have the same total offset
of (I —1)m as shown for the example in Fig. @b. The reconstruction is similar
to that for constant g¢;, in that it requires multiple passes (gmax in this case),
however the number of vertices included in each subsequent pass decreases as
shown for the example.

(a) (b)

/ 3,1-
23

S 7
A\
\

Fig. 4. The dependancy graphs (grey) and simplest reconstruction paths (black) for the
set of projections (a) Proj(Proj(—2,3,b), Proj(—1, 3,b), Proj(1,3,b) and Proj(2, 3, b)
which requires 3 passes and (b) Proj(3,1,b), Proj(3, 2,b), Proj(3, 4, b) and Proj(3, 5,b)
which requires gmax = 5 passes

3.3 The Case Where p; > p;—1 and ¢g; < q;—1

The constant ¢; and constant p; cases from Sections 3.1l and can be amal-
gamated if, when ordered by slope, the projections have the property that p; is
increasing and ¢; is decreasing, i.e., p; > p;—1 and ¢; < ¢;—1 for (0 < i < I). For
this case the reconstruction path is straightforward, similar to that for constant
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p; path with guax passes. The paths through the region with p; > 0 can be
constructed independantly to those in the region with p; < 0 similar to the case
with constant ¢;. An example has been presented in Fig.

41-

Vi

Fig.5. The dependancy graph for the set of projections Proj(4,1,b), Proj(3,2,b),
Proj(3,2,b) and Proj(4,1,b) with the simplest reconstruction path shown in black
which requires gmax = 4 passes

3.4 The General Case

The above reconstruction techniques can be generalised to any set of I projec-
tions such that Zf;ol qi = Q for q; € ZT. As for the previous cases with varying
qi, if the set of projections are sorted by slope p;/q;, (i-e., po/q0 < p1/q0 < -..),
then the r*" set of ¢; rows of the image are reconstructed by the Mojette pro-
jection, Proj(p,, ¢, b). The proof is again similar to that given in section 3.1}

Since each projection corresponds to g; rows of the image, once again a depen-
dancy graph can be constructed to show the relationship between the projections
in reconstruction. However, each vertex of the graph is no longer assured of 2
originating and 2 terminating directed edges. There may only be a single termi-
nating edge and there may be zero or many originating edges depending on the
set of (p;, ¢;) used to define the projections.

To ensure a reconstruction path in this instance, only the pixels located im-
mediately inside the edge of the convex hull created by the lines of projection
ordered by slope are considered. As for the constant ¢; case, the paths that ter-
minate at the rows with minimum slope are used to generate the most compact
convex hull. An example of the selection process is given in Fig. [Bh with the
dashed line giving the complex hull. The directed graph is then used to deter-
mine the reconstruction paths required for these selected vertices as shown in
FigBb for the example.
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41- p y y P )

Fig. 6. Determining the vertices of the dependancy graph to be considered for the set of
projections (a) Proj(Proj(4, 1,b), Proj(3, 2,b), Proj(4, 3, b),Proj(1, 2, b) and Proj(1, 3, b)
(b) A reconstruction path from the directed graph to reconstruct these vertices

4 Discussion

Although very similar in nature, the balayage inversion algorithm can be shown
to be up to 5 times faster than the comptabilité inversion algorithm. Assuming
the pixel count and pixel label projections have not been pre-computed (which
is possible in the case of image transmission where the incoming array size is
known), these must both be determined in 2x O(PQI) operations and during the
inversion process, I projection value bins, pixel count bins and pixel label bins
must be updated for each of the P x @ pixels (3 x O(PQI) operations), giving a
total of approximately 5x O(PQT) operations. In contrast the balayage algorithm
requires updating I projection bins for each image pixel once in a single pass
across the image in O((P + Offset)@QI) operations. This has been demonstrated
for three types of angle sets in Table [l comparing the computation times for the
BMI, the CMI with pre-computed unitary and index image projections (CMI-pc)
and the complete CMI. In implementation the actual gain in efficiency can be
up to an order of magnitude since there is a periodic pattern to the BMI process
that can be exploited while this is not the case for the CMI method where the
position of the next pixel to be reconstructed is not predetermined at all.

Since the proposed method is based on the inter-dependancy of each pro-
jection, the algorithm removes the need to search through the projections to
find the next candidate bin that can be back-projected. As a pixel is recon-
structed the predetermined dependancy graph indicates the pixel that can be
reconstructed next and by what projection. This is highlighted by the relative
performance of the CMI method for the General case of Table [Tl where the pro-
jections have a large number of possible reconstruction bins to manage. The CMI
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Table 1. Reconstruction times comparing the BMI with CMI-pc (pre-computed uni-
tary and index image projections) and CMI methods. Times are given as a ratio with
respect to the time to perform the forward Mojette transform.

TEST [P |Q [I (piq) i€ Zr} BMI  |[CMI-pc |CMI

Const. ¢; 4096 [64 |64 |(-31,1), (-30,1), ... (31,1), (32,1)[1.08  |4.6 6.6

Const. p; 512 [512]9 |(1,52),(1,54),(1,55), ... (L,61) |1.05 |55 75

General [512 [512[10 |(£95,31), (£63,32), (£31,32),[1.42  [8.6 10.6
(£31,64), (£31,96)

algorithm is more robust however, it is more adaptable to any set of projections
such as redundant sets where Zztol q; > @ and sets of partial projection data.

The knowledge of which projections are used to reconstruct which rows of the
image can be also used to ignore/discard projection bins that are not required for
the inversion. This removes unwanted redundancy to optimise Mojette encoding
as was investigated by Verbert, Ricordel and Guédon in [14].

5 Conclusion and Future Work

A new inversion algorithm for the Mojette transform has been presented which
takes advantage of the knowledge of the interdependancy of projections in recon-
struction. The method is more direct and more efficient than previous methods
however is less robust in terms of adaptability to any set of projections. This
method of reconstruction also automatically enables optimal encoding by the
Mojette transform by identifying which projection bins are required for inver-
sion. Developing a BMI method that can be applied to reconstruct a redundant
set of projections and can adapt to sets of partial projections as well as deter-
mining optimal coding incorporating redundancy are topics of future research.
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Abstract. A quantum mechanics based method is presented to generate
sets of digital angles that may be well suited to describe projections
on discrete grids. The resulting angle sets are an alternative to those
derived using the Farey fractions from number theory. The Farey angles
arise naturally through the definitions of the Mojette and Finite Radon
Transforms. Often a subset of the Farey angles needs to be selected when
reconstructing images from a limited number of views. The digital angles
that result from the quantisation of angular momentum (QAM) vectors
may provide an alternative way to select angle subsets. This paper seeks
first to identify the important properties of digital angles sets and second
to demonstrate that the QAM vectors are indeed a candidate set that
fulfils these requirements. Of particular note is the rare occurrence of
degeneracy in the QAM angles, particularly for the half-integral angular
momenta angle sets.

Keywords: Discrete projection, tomography, digital angles, finite Radon
transforms.

1 Introduction

The ultimate quality with which digital images can be reconstructed from pro-
jected views is highly sensitive to the selection of the viewing angles [1},12}3].
Conventional CT view angles, Figure [[l(a), are constrained by the configuration
of the x-ray source and detectors. In contrast, digital image angles are con-
strained only by pixellation of the discrete array on which the image is to be
reconstructed, Figure [[{b). Simply dividing an angle interval into equal or in-
tegral steps does not provide descriptive digital angle sets. This becomes even
more critical for asymmetric digital images that have one or more elongated
axes. True digital angle sets should satisfy the following properties:

1. Generate a set of O(NN) discrete angles for a symmetric N x N array (to
balance O(N) view angles with O(N) projected elements in each view. For
an asymmetric discrete array, far fewer than N angles would be needed).

2. These angles should be constructed in a way that accommodates the integer
spacing of pixels.

A. Kuba, L.G. Nyul, and K. Paldgyi (Eds.): DGCI 2006, LNCS 4245, pp. 134-I45] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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Fig. 1. (a) real space CT projections of a continuous object at three analogue angles.
(b) discrete projections of a simple digital object taken at four “grid-friendly” angles.

3. A digital angle set should have the properties of being uniformly distributed
over the range 0° — 180 °, or at least be locally uniform over a more limited
angle range.

4. Be increasing; any new angle set for N’ > N should contain all of the previ-
ously generated angles for N, with each resulting angle remaining unique.

A digital angle set that satisfies these criteria is derived from the Farey se-
ries []. A different scheme to span analogue real and Fourier spaces to create
digital angles was developed through the pseudo-polar Fourier transform scheme
of [B]. The Farey angles are important here as they arise intrinsically in the Mo-
jette Transform [6] and the Finite Radon Transform (FRT) [7]. The discrete
angle properties of these transforms are reviewed in Section

This paper examines an alternative set of angles designed for use on a discrete
grid that are derived from the spatial quantisation of the 3D angular momentum
in quantum physics. We will show that the digital angle set derived from the
QAM vectors satisfy the above criterion. The idea of using an analogue version
of the quantum vector spaces has already been utilised by [8] to represent polar
colour variables.

This “naturally” occurring quantum angle set has attractive properties that
seem to be relatively unexplored. The quantised angular momenta (QAM) an-
gle distribution has the property of being increasing and appears to be locally
uniform, with a slow and smooth decrease in density at larger angles. The set
of all possible QAM angles is almost, but not quite, unique. Understanding the
formation and distribution of the small number of redundant QAM angles is im-
portant when choosing appropriate digital projection and reconstruction angles.
This alternative set of quantum-based angles may improve the attainable qual-
ity of digital image reconstructions and help optimise the number of projected
views required, particularly for the projection of asymmetric digital objects.
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This paper is organised as follows: a review of the Farey-based digital angles
and their relationship to the Mojette and FRT transforms is presented in Sec-
tion Bl Example sets of QAM angle vectors are compared to similar sets of Farey
angles in Section [Bl Section M describes the origin of integer and half-integer
quantisation of angular momentum. Section [f] shows how digital angles can be
obtained from these QAM vectors. The remainder of the paper demonstrates
the properties of the QAM angles against the requirements 1-4 outlined above;
Section [6ldemonstrates the angle set has extremely low degeneracy and Section [7]
explores the local density and range of the QAM angles.

2 Existing Digital Angle Schemes

An N x N square (or hexagonal) regular discrete array generates a natural set
of projection angles [9,10]. These unique angles have tangents that are based
on the ratios of relatively prime integers belonging to members of the set of
Farey fractions Fyy ranging from 1/N up to 1/1. Taking the arctangent of these
fractions produces a set of angles lying between 0 © and 45 °. An example showing
F, =0, %, %7 %7 %, %7 1 for N = 4 has been depicted in Figure 2l(a). The density
of Farey angles is remarkably even and exhibits no degeneracy or replication of
any angles as the integer NV increases to infinity. Each Farey angle is defined by
a unique vector 6, that links the origin (0,0) to a co-prime pair of Cartesian
coordinates (a,b). Farey angles ranging from 0° to 180° degrees are obtained
using (a,b), (b,a), (—a,b) and (—b, a) as four-fold symmetric vectors oriented at
Oab, 90-04p, 90+6,;, and 180-0,, respectively, as shown for Fyg in Figure 2(b).
Any N x N image can be reconstructed exactly if N > 14 max (|a;|, |b;|) for any
set of projections taken at rational angles a;/b;. The Katz criterion [11] ensures
that ambiguous “ghost functions” do not exist in projections of the reconstructed
image space (and hence that the reconstructed image is unique).

The Mojette transform developed in [6] is a generalisation of the FRT [7].
Many properties of the FRT have been investigated and applied by Kingston and
Svalbe [12]. The Mojette and FRT formalisms both map between digital images
and digital projections. This is done exactly and invertibly, with no interpolation
(hence preserving image sharpness) by a deliberate selection of grid-dependent
digital view angles and projection paths.

The FRT restricts IV to be prime. This endows the projections with the prop-
erty of minimal information redundancy [I3,[14] and enables the use of very
simple projection and reconstruction algorithms. Each 2D square array of prime
size p has a pre-determined set of p 4+ 1 rational slopes that define the digital
projection orientations. These orientations are a subset of the Farey series for
Fy, as shown in Figure[2l(c). The subset of Farey fractions (a/b) that are selected
at each prime size p has its own interesting behaviour, as discussed in [I5]. The
FRT has robust, efficient real-space and Fourier-space reconstruction algorithms
based on simple addition. It automatically satisfies the Katz reconstruction
criterion.
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Fig. 2. (a) Farey angles (F4) made of co-prime integer ratios a/b (a < b). (b) the set
F» depicted as co-ordinates (a, b) giving 045 (grey points), and the reflected set (b, a)
giving 90° — 04 (black points). (c) The first half (0° < 045 < 90°) of the FRT angle
set is a subset of the extended Farey set, shown here for p = 379 and Fao.

The Mojette Transform allows much more flexibility in the shape and size
of the discrete array chosen to represent some discrete object. A set of Farey
vectors, tailored to satisfy the Katz criterion, are selected for projection orien-
tations based on the shape and size of the array. Some degree of information
redundancy arises in this more general Mojette projection representation. How-
ever this redundancy may be exploited usefully in the design of very efficient
data transmission, storage and encryption schemes [16,[17]. The algorithms to
reconstruct images from Mojette projections [6] are more complex than for the
FRT, largely because of the increased level of redundancy.

3 Quantised Angular Momentum Directions

The 3D angular momentum vector in quantum physics also generates a “natural”
set of discrete angles. The angular momentum vector (j) can only take on values
that are integer or half-integer multiples of the reduced Planck’s constant (h).
When this vector is aligned with respect to an externally imposed reference
direction (such as that of the total local magnetic field), the magnitude of the z-
projection of j can change only in integer increments, FigureBl(a). This alignment
constraint results ultimately from the quantisation of stable energy states for
bound particles, and the sensitivity of the state energy to the orientation of the
particle orbit.

In atoms and nuclei, the use of quantum mechanics is essential. There the
observed magnitude of j ranges from 0 to 8 as electron or nucleon orbits are
filled in the atoms and nuclei from hydrogen to uranium. The correspondence
principle argues that, in the classical (large angular momentum) limit, the 3D
vector j is equally free to take any alignment direction with respect to any
z-axis. The spectra of vibrational modes which arise as allowed excitations in
finite discrete lattices is another relevant physical example of where a set of
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(a) (b) (c)

Fig. 3. (a) Depiction of the allowed quantum angular momentum (QAM) vector pre-
cession orientations for angular momentum j = 3. (b) The quantised z-projection of
the QAM vectors for j = 5. (¢) The full integer j QAM angle set for |j| < 19.

discrete angle trajectories emerges naturally from the underlying matrix of the
data structure [I8].

The QAM vectors provide a locally smooth and reasonably uniform global
coverage of angle space, particularly over the interval 0 ° —45°, for large angular
momentum values, Figure Blc). At angles closer to 90°, the density decreases
steadily and this property may find application in the limited field of view case
encountered when reconstructing SPECT data using cone-beams or for PET/CT
tomosynthesis.

The size of the set of QAM angle vectors increases as the magnitude of the
maximum angular momentum j is increased, adding 2j 4+ 1 vectors when j — 1
increments to j. In the main, the added vectors are new and do not occur at
angles generated previously by smaller values of j. There are, however, some
values of j that do result in degenerate angles.

The occurrence of such replicated angles in the QAM set is rare, even more
so for the half-integer QAM case. In this paper, these relatively rare degenerate
angles will be examined with a view to being able to predict and quantify any
clumping in the local smoothness of the QAM angle set. Quite localised non-
uniformities in the density of angles also occur for the Farey sets [10]. The
analytic work of [19] has examined and modelled the details of those variations.

4 Quantised Angular Momentum

Classical angular momentum is a measure of the “turning moment” of a moving
object about some axis: it is a vector quantity of magnitude proportional to the
radius r of the object from the axis and to the linear momentum p = mv of
the object, where v is the velocity of the particle which has mass m. Formally,
L = r x p, with the direction of vector L being normal to the plane defined by
the vectors r and p. In classical mechanics, the direction of L is free to take any
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direction in space and |L| is a continuous variable, given that values for r and p
are unconstrained.

In quantum mechanics, the measurable momentum and location of all objects
are subject to the Heisenberg Uncertainty Principle that reflects the “graininess”
of space-time and the particles that can exist within it. Momentum and position
cannot be simultaneously specified to a precision below the value of the reduced
Planck’s constant (7). This automatically imposes an uncertainty on the angular
momentum, it being a product of position and linear momentum. This uncer-
tainty means that the angular momentum vector can only be observed to change
by amounts proportional to A.

If we take a quantised angular momentum vector L in 3D (z,y, z) space with
components L, Ly, L, then the uncertainty in L means that if the direction
of L, is fixed, the vector must “precess” (with unknown phase) around the z-
axis so that L, and L, are uncertain, Figure Bfa). The uncertainty in L, and
the expression for its magnitude, emerges naturally in quantum mechanics after
separation of the radial and angular part in the solution to the Schrédinger
equation when applied to any particle constrained by a potential well.

In quantum mechanics, all fundamental particles (like electrons) have an in-
ternal angular momentum (called spin S). This spin is also quantised, so that
changes in spin must also occur in & steps. Spin can be either a symmetric or
anti-symmetric component of the quantised particle’s wavefunction. Fermion ob-
jects have half-integral spin (S = (n + 1/2)h) whilst bosons have integral spin
(S = nh) or positive integer n. It appears that the fermion and boson QAM
distributions, whilst being very similar, turn out to have remarkably different
angle degeneracy properties. A particle with rotational and spin angular mo-
mentum has a total angular momentum j, subject to the same uncertainty and
quantisation, with j =L + S.

The length of the quantised angular momentum vector is given by |j| =
V3G + 1)h. Tt is the j(j + 1), rather than a j2 term, that endows interest-
ing properties to the QAM angle distribution. The direction of j is defined by
the angle # measured in cylindrical coordinates relative to the direction of the
xy plane. The z-projection of j, j, is constrained to have |j,| = mh, where m is
integral for integer j and half-odd integral for half-integer j values.

5 QAM Vectors as Points in the Plane

If we denote the radius of the projection of the vector j on to the x-y plane as
T'm, then rp, = \/j(§ + 1) — m?2, see Figuredl(a). The angle § of the vector j from
the origin to (r,,, m) is given by the arctangent of the gradient, taken here as
g9(j;m) =m/rm.

The equations for lines of constant |m/| form simple parabolas, for example,
rm = +/j for |m| = j. The half-integer points fall exactly in between the integer
points, as both sets of allowed (r,, m) values lie on the same quadratic curves
as seen in Figure Bl(c).
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The 7, values will not, in general, be integers, but can be scaled and rounded
to the nearest integer at any required precision. Here (7,,, m) have the same role
as the (a,b) integers used in Section ] for the Farey and FRT examples. The
z-projection m is an integer or half-integer but in either case changes in integer
steps. As 7, may be irrational, the exact process used to convert this value to
an integer may be important in any application.

z-axis

I'm xy-plane

(a) (b)

Fig. 4. (a) Definition of the QAM projections m and r,, for a given j. (b) Plot of the
density of the QAM angle distribution for j = 199/2. Each white point represent a
selected angle.

For j > 1,4/7(j + 1) asymptotes to j + % (and so can never be an integer,
nor an exact % integer). Hence the direction of any QAM vector j cannot ever
be aligned exactly along the z-axis, as j, = m must be an integer or half-
integer. The maximum angle of # occurs when m = j, so that r,, = /j and
g = tan(0) = j/v/j = V/j. The maximum angle is 88.7° for j = 2000 (and
reaches only 70.5° for j = 8, for a j typical of the atomic case).

The minimum angle for integer QAM is zero degrees, which occurs when
m = 0 with 7, = 1/7(j + 1). The minimum half integer angle occurs at |m| = =
For large j, the minimum gradient g then approaches 1/(27). This corresponds
to a minimum angle of 1.8° for j = 15/2, the typical maximum half integer j
for the atomic case, falling to 0.014 ° when j = 3999/2.

6 QAM Angle Degeneracy

The QAM angle set can adapt to the size and shape of a discrete array, as |j|
can be matched to the array size and |m| can be used to accomodate asymmetry
in the array shape. The QAM digital angles then meet the design properties
1,2 and 3 that are outlined in Section [Il Are there integer j vectors that link
the origin to points (rp,, m) and (r,,,, m’') that have the same angle? For this to
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be true, the values j and j' (and hence m’ and m, or r,, and r,,) must scale
according to

=/ (] 1
(' fmy? = LD, 0
JG+1)
The next section examines integer j values where () is satisfied.

6.1 Degeneracy of the QAM Angles for Integer j

For r,, = nm, that is a gradient of ¢ = m/(nm) = 1/n, (ie. 1 : n), then
j(j+1)—m? = (nm)? means that N = /1 + 4(n2? + 1)m?2 needs to have integer
solutions, where N = 2j541. N also corresponds, incidentally, to the total number
of allowed QAM vector projections for a given j.

Then j(j + 1) = (n? + 1)m? = (n? + 1)k?I2, where m = ki, with k, and [
integers. We choose to factor m into a product of two integers, kl, because then
we can identify j and j + 1 as separate squared quantities that enable m to
be an integer. The values of k& and [ (and hence j and m) can be determined
recursively, starting with the values k =1 = 1. Then

j=m*+1)k*and j+1=1% (2)
The ratio of k/I approximates 1/v/n? + 1 because
2= n*+1)k* + 1. (3)

The values obtained for k£ and ! turn out to be exceptionally good integer ap-
proximations for the irrational number v/n? + 1. The next integral solution at
j', m’ turns out to given by

j'=(@m*+1)k? and j/ + 1 = I'"* with m’ = k', where (4)
k' =nk+1and I' = (n® + 1)k + nl. (5)

The recursive relationship (&) determines all of the redundant solutions for gra-
dients (1 : n). Table [l shows example redundant (j, m) values for the gradients
1:1and 1:3.

Finding integers k,l that give integer values of r,, has a parallel to the approx-
imation of surds (such as a++/b) using continued fractions, where the sequence of
continued fraction values is periodic. For example, the value of v/2—1 (which cor-
responds to \/(n2 + 1) = /2 for n = 1) can be found as 1/(2+1/(2+1/(2+...),
which can be written recursively as a,4+1 = 1/(2 + a,) where ap = 0. The frac-
tions k/I used to find (j,m) values that each have exactly the same gradient
1: n can also be found using a,4+1 = 1/(2n + a,) and adding n to each fraction.

The j values that replicate a given gradient have quadratic separation in j.
The gap between the next (j',m’) with the same slope as (j,m) grows very
rapidly. The ratio or scale, s, between successive values of j is given by m’/m
(or j'/j or N'/N) and can be shown to be s = 2n? + 1 + 2nv/n2 + 1.
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Table 1. Examples of degenerate QAM angles for integer j and gradients of 1 : n

g=1:1  jG+1) =2k
N i m k 1
3 1 1 1 1
17 8 6 2 3
99 49 35 5 7
577 288 204 12 17
3363 1681 1189 29 41
19601 9800 6930 70 99

g=1:3 jH+1) =10k
N § m k 1
19 9 3 1 3
721 360 114 6 19
27379 13689 4329 37 110

The ratios for gradients n : 1 have the same values of r,,, and m in exchanged
roles as for 1 : n, so these angles and their j,m values can be found from the
1 : n result. The tabulated N and j values for n : 1 are the same as for 1 : n,
but the value of m is just n times that for 1: n.

For g = p:q (as well as g = \/p/q) there is also a similar sparse redundancy
in the representation of angles. Results for ¢ = 3 : 5 are given in Table 2

Table 2. QAM angle redundancy for the gradient 3:5

g=3:5  j(G+1)=(34/9)k*I*
N j m k 1
35 17 9 9 1
2449 1224 630 18 35

The total number of redundant angles for the integer QAM case appears to
increase approximately linearly with increasing j. For 0 < 7 < 2000, we found
just 242 redundant angles in the integer QAM angle distribution out of a total
number of j(j + 1)/2 = 2,001,000 angles.

6.2 Degeneracy of the j QAM Angles for Half-Integer j
For half integer QAM, j and m are both required to be odd, so we write:
(2n+1)(2n +3)/4— (2m +1)* /4 =12, (6)

where n and m are any positive integers. Then 72, = (n? —m?)+ (2n—m)+1/2,
so that r,, can never have integer values for the half-integer QAM case. For the
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gradient to be degenerate, i.e. ¢ = m/rpy, = m/ /1y, then [j(j+2)/4—m?/4m'? =
[3'(5" +2)/4 — m"?/4Jm?, and

(! fm? = LU +2) (7)
3G +2)
Condition () turns out to be much harder to satisfy than () for the integer
QAM case. Scaled solutions for j and j' that give redundant angles are only
possible if 5/ = a?j and j' + 2 = $%(j + 2) with m’ = (af)m, and where «, 3
are integral, which is similar to the constraint (@) for integer QAM.

For 0 < j <3999/2, we found only 16 redundant angles in the first 2 million
possible angles (as compared to 242 redundant angles for j up to 2000 for the
integer case). Note the repeated occurrence of the integers 845, 2023 and 3969
in Table Bl These integers have highly composite forms, for example 3969 =
3%.72. If the half integer and integer angle distributions are pooled (this does not
occur in real quantum systems), the number of redundant angles increases, at
approximately double the integer rate, to reach a total of 510 redundancies for j
up to 2000. The QAM angle set hence satisfies the fourth digital angle property
as set out in Section [

Table 3. Degenerate values of 7, m for half-integer QAM angles

G=m/rm |G j, m j,m’
0.101015 1/V2.72 9/2,1/2 3969/2, 399/2
0.127001 1/+/2.31 7/2,1/2 2023/2, 255/2
0.101499 1/v/2.17 5/2,1/2 845/2, 143/2
0.267261 1/v/2.7 3/2, 1/2 243/2, 63/2
0.316228 1//2.5 9/2, 3/2 3969/2, 1197/2
0.408248 1/v/2.3 7/2,3/2 2023/2, 765/2
0.581238 5/v/2.37 9/2, 5/2 3969/2, 1995/2
0.588348 3/v/2.13 5/2, 3/2 845/2, 429/2
0.707107 1/v/2 1/2,1/2 25/2, 15/2 and 361/2, 209/2
0.988849 7/(5v/2) 9/2, 7/2 3969/2, 2793/2
1.224745 3/2 3/2, 3/2 243/2, 189/2
1.581139 5/2 5/2, 5/2 845/2, 715/2
1.870829 7/2 7/2,7/2 2023/2, 17852
2.12132 3/v2 9/2,9/2 3969/2, 3591/2

7 Distribution of QAM Angles

The uniformity of the QAM angle distribution has been examined using the
same unevenness criterion (D) as used for the Farey angle set [10]. The QAM
sets are much more uneven than the Farey sets because of the smooth decrease
in angle density as the z-axis projected value of j increases. For the half integer
case at j = 199/2, D = 65.09 over 2203 angles (selected for m < r,, and
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Tm < j/V/2 = 70.71 here, from a total of 5050 angles). For the Farey sequence
Fy6(1/86,1/85,...85/86) which has 2273 angles, D = 2.106.

Figure @(b) shows the density of m, r,, points from the QAM distribution in
the 2D plane which satisfies the property 3 given in Section [Il Note that the
points “missing” for the low angles are reflections of the positions of the real
points at large angles.

8 Conclusions and Further Work

The QAM vectors produce an interesting set of digital angles with remarkably
little degeneracy, especially for the half-integer angular momenta where the con-
ditions required for integer-based solutions are harsher. In physical systems,
the QAM directions are limited to either whole or half-integral values, but the
above investigation can be extended to include angles for 1/3 (quark-like) or
other fractional quantisation values. More work is needed on how to best round
or interpolate the (often irrational) values of r,, to integers when applying these
digital angle sets.
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Abstract. Discrete tomography concerns the reconstruction of func-
tions with a finite number of values from few projections. For a number of
important real-world problems, this tomography problem involves thou-
sands of variables. Applicability and performance of discrete tomography
therefore largely depend on the criteria used for reconstruction and the
optimization algorithm applied. From this viewpoint, we evaluate two
major optimization strategies, simulated annealing and convex-concave
regularization, for the case of binary-valued functions using various data
sets. Extensive numerical experiments show that despite being quite dif-
ferent from the viewpoint of optimization, both strategies show similar
reconstruction performance as well as robustness to noise.

1 Introduction

Discrete tomography (DT) is an active field of research covering a number of
important problems across various application areas [IL2]. A key aspect of DT
is the reconstruction of functions under non-standard conditions, in contrast to
conventional tomography. A necessary condition for making such reconstructions
feasible is to restrict the range of the functions to be reconstructed to a finite
set. Challenging application problems that can be naturally modeled in this
way include non-destructive testing [3], electron microscopy [5], and medical
imaging [4/6].

A major problem in connection with DT concerns optimization. In fact, most
applications like DT in medical imaging involve thousands of variables represent-
ing the discrete-valued function to be computed. Solving such large-scale com-
binatorial problems to reach global optimality is generally not possible, hence,
optimization strategies providing a good compromise between the quality of sub-
optimal solutions and runtime are of primary interest.

For these reasons, we study in this paper two different optimization strategies
that showed promising performance in recent work:

A. Kuba, L.G. Nyul, and K. Paldgyi (Eds.): DGCI 2006, LNCS 4245, pp. 146-{I56] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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— The first strategy based on the classical approach of simulated annealing
(SA). Tt is a stochastical optimization strategy, a random-search technique
that is based on the physical phenomenon of metal cooling [I0]. The system
of metal particles, here the values of the image pixels, gradually reaches the
minimum energy level where the metal freezes into a crystalline structure.

— The second optimization strategy, convex-concave regularization, was pro-
posed in [7]. It combines convex relaxations of reconstruction functionals
with concave minimization to enforce discrete decisions. A local minimum
is determined by solving a sequence of convex optimization problems, each
of which can be solved to global optimality. The method involves a single
regularization parameter only requiring an application-dependent choice.

In Section [2] we briefly describe the general reconstruction problem. Section
B details the algorithms related to the two optimization strategies which are
evaluated. The evaluation criteria (data sets, performance measures, parameter
settings) are specified in section @] and our quantitative numerical results are
presented and discussed in Section Bl We conclude and outline further work in
Section [71

2 Reconstruction Problem

We consider the reconstruction problem of transmission tomography for binary
objects. As explained in Fig. [[{a), the imaging process is represented by the
algebraic system of equations

Az =10, AeR™" ze{0,1}", beR™, (1)

where A and b are given, and the binary indicator vector x representing the
unknown object has to be reconstructed. Though we restrict ourselves here to
parallel beam geometry, Fig. [[(b), this algebraic representation is general enough
to suit other geometries as well.

3 Two Optimization Strategies

This section describes two approaches capable to numerically solve large-scale
instances of the general reconstruction problem ().

3.1 Simulated Annealing

Actually, a possible way of solving () at least approximately is to reformulate
it as an optimization problem. Formally, we should find the minimum of the
following objective function

C(x) = ||Az — b||* + v - D(z), where x is a binary-valued vector. (2)

The first term on the right hand side ensures that we have an x satisfying ()
at least approximately. The second term allows us to include a priori knowledge
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(a) (b)

Fig.1. (a) Discretization model for transmission tomography. The measured
projection data are given in terms of a vector b € R™. Each component b; corresponds
to a projection ray measuring the absorption along the ray through the volume which
is discretized into cells. The absorption a; in each cell is assumed to be proportional to
the density of the unknown object. x1,x2,... are binary variables indicating whether
the corresponding cells belong to the object (zx = 1) or not (zr = 0). Assembling
all projection rays into a linear system gives Az = b, z € {0,1}", from which the
unknown binary object, represented by z, has to be determined. (b) Parallel beam
geometry. Multiple projections are gathered by rotating the source-detector system
around a center point.

about x into the optimization if there are several good binary vector candidates
that keep ||Az — b||* low. In our experiments we have used the following &(x)

function .
) =" > g5 -4l (3)

7=01€QT"

where Q7" is the set of the indexes of the m x m adjacent pixels of the j-th
lattice pixel and g; ; is the corresponding element of a matrix representing a 2D
m x m Gaussian matrix. The g; ; scalar weights the differences according to the
distance of the two adjacent, [-th and j-th pixels. Using this regularization term
we can force the optimization algorithm to find binary matrices with possibly
compact regions of 0s and 1s.

For solving (@) the simulated annealing (SA) optimization method [I0] was
used.

3.2 Convex-Concave Regularization and DC-Programming
We also consider the one-parameter family of functionals introduced in [7]:
a & 1 "
Tula) = Az =02+ 533 @y — ) — pslwr =€), we0,1]". ()
J=11eqQ]

The first terms in @) and (2) coincide. The second term in (@) is similar to
@), but involves nearest neighbors only, i.e. m = 1, with uniform weighting,.
This term is controlled by the regularization parameter .. Proper values depend
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on the application and have to be supplied by the user. The third term in (@),
together with the convex domain of definition x € [0, 1]™, pertains to the second
optimization strategy, to be explained below, that was used to minimize {@). It is
a concave functional which gradually enforces the binary constraint = € {0,1}"
by increasing the value of u (e denotes the vector with all components equal
to 1).

Algorithm 1. SA Algorithm

Require: v > 0 {regularization parameter supplied by the user}

Require: Tgiare > 0 {start temperature supplied by the user}

Require: Tyin > 0 {minimum temperature supplied by the user}

Require: 1 > Tractor > 0 {The multiplicative constant for reducing the temperature
supplied by the user}

Require: 1 > Ropjective > 0 {The ratio between the first and the current value of the
objective function supplied by the user}

z:=(0,..,0)"

T = Tstart

Cutart = Cola := ||Az — b||? + v - &(x)
repeat

for i = 0 to sizeof(x) do
choose a random position j in the vector x
Ti=c
Z[j] := 1 — z[j] {change the value of x in the position j}
Chew = ||AZ — b||> + v - B(%)
z := random()
AC = Chew — Cora
if AC <0 or exp(—AC/T) > z, then
x := & {accept changes}
C(old = Cnew
end if
end for
T := T * Ttactor
until 7' > T, or Cold/cstart > Robjective

Functional (@) can be represented by the sum of a convex and a concave
function

Ju(@) = g(x) —hu(z) , 2 €[0,1]", ()

where

a n
g@) = Az — b2+ 530 0 (@i — )2, (6)
1 JEQT
—: Az —b|]” + afer, L La) (7)
1

ha(@) = 5 w2 — ). (8)
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As a consequence, () naturally belongs to the class of de-programs (dc: difference
of convex functions) and thus provides a basis for algorithm design. It is shown
in [7] that the following algorithm converges to a binary local minimum of the
criterion J,,:

Algorithm 2. DC Algorithm

Require: a > 0 {regularization parameter supplied by the user}
Require: €, > 0 {termination criterion for the inner loop}
Require: €,,: > 0 {termination criterion for the outer loop}
Require: ¢, > 0 {determines the increment pa by eqn. @)}

z:=(0,..,0)"
nw=0
repeat
repeat
Ti=x
x := argmin{g(z) — (z, Vh.(Z))}
z€[0,1]™
until ||z — Z||2 < €in
W=t paA

until max{min{z;,1 — z;}} < €out

We point out that each = computed in the inner loop is the global optimum
of a convezr optimization problem. Our current implementation involves [9] for
this step, but many other convex optimization techniques could be applied as
well.

Furthermore, while the decomposition (B) with (7)) and (8) is the most natural
one, a range of alternative decompositions of the functional J,, are possible to
which algorithm 1 can be applied. We refer to []] for further details.

4 Evaluation

4.1 Data Sets

For evaluation purposes both reconstruction algorithms were tested on the same
data set of binary images. The images are software phantoms consisting of dis-
cretized versions of geometrical objects like circles, ellipses, etc. — see Fig. 2l

For each phantom, the image reconstruction problem () was compiled by
taking parallel projections from different directions. The number p of projections
ranged between 2, 3, 5, and 6. For p € {2, 3,5}, directions were uniformly chosen
within [0°,90°], and within [0°,150°] for p = 6. For each direction, the number
of measurements was 96 for phantom 1 and 384 for phantom 2 and 3.

In addition to noiseless projection data, we also used noisy data for the evalua-
tion. To this end, the projection data were superimposed by noise with Gaussian
distribution A (0,0), o € {0.5,1.5,5}. Negative values that may rarely be gen-
erated in this way, do not make sense physically and were clipped to the value
Zero.
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Phantom 1 Phantom 2 Phantom 3

Fig. 2. Phantom images of size 64 x 64, 256 x 256, and 256 x 256 used for the exper-
imental evaluation

4.2 Performance Measures

Let z* be the ground truth image and = be a solution to the reconstruction
problem () computed by either optimization algorithm. We use the following
error measures for a quantitative evaluation:

(@) = | Az — b]l2
1

D i1 T

For interpreting the corresponding numerical results in the tables below, readers

should keep in mind that these two measures scale quite differently. While a

single pixel error results in a change of E; of about 10!, say, the order of change
of By will be 1072 only.

Es(x) := |z —2*||1

4.3 Parameter Settings

To compare both approaches numerically, we used a fixed parameter set for each
reconstruction algorithm. These values were used throughout all experiments.

Simulated Annealing Algorithm:

v =14.0
thart =4.0
Tmin = 10_14

Tfactor =097
Robjective = 0.00001

DC Algorithm:

a=0.25
€Ein = 0.1
€out — 0.01

€, =10
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Projections|Algorithm
9 DC
SA
5 DC
SA
6 DC
SA

Phantom 1

CERNR©F

Phantom 2 Phantom 3
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K]
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Fig. 3. The phantom images reconstructed from noise free projections (p = 2, 5, 6)

The p—increment was computed by evaluating the following equation

o €/1,7711/2)\min (Q)

lz = gell

)

Q=A"A+aL'L.



A Benchmark Evaluation of Large-Scale Optimization Approaches 153

Projections|Algorithm Phantoml PhantomQ Phantom 3
9 DC
SA
5 DC
SA
6 DC
SA

Fig. 4. The phantom images reconstructed from projections (p = 2,5, 6) with additive
5 % noise

Here, « denotes the solution of the very first inner loop for p = 0, and Ay
is the smallest eigen value of the matrix ) that can be computed offline and
beforehand. For details and an interpretation of ([@), we refer to [g].
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5 Results

The aim of the experiments was to make a comparison between the two re-
construction methods. Both methods used the same input projections. Also the
same formulas were applied for measuring the errors.

We computed the reconstruction images for phantoms 1-3 from 2, 3, 5, and 6
projections with and without additive noise. Figure [3] shows the reconstruction
results in the case of noise-free projections (the reconstructions from 3 projec-
tions are omitted, because of the lack of space). From all images reconstructed
from noisy projections we present here only those having 5 % additive noise (see
Fig. @). The cases of 0.5 % and 1.5 % additive errors show something similar
behavior).

The tables [[H3] contain the error values of the measures Fq(z) and Fs(x)
for all reconstruction scenarios and for both algorithms. Although the same
experiments were repeated with 0 %, 0.5 %, 1.5 %, and 5 % additive noise, we
present here all the tables except the case 0.5 % (which gave similar results as
in the case of 0 %).

Table 1. The error values F1(z)/E2(z) measured on the reconstructed images in noise
free case

Projections|Algorithm| Phantom 1| Phantom 2 | Phantom 3
9 DC 3.464/0.537| 6.782/0.835 | 5.477/1.108

SA 8.173/0.480{15.870/0.841]16.901/1.198

3 DC 0.000/0.000| 8.351/0.471 | 7.804/0.751

SA 6.779/0.020{19.028/0.524/20.453/0.882

5 DC 0.000/0.000{ 0.005/0.000 |14.761/0.545

SA 0.000/0.000{ 9.040/0.001 {26.478/0.537

6 DC 0.000/0.000{ 0.005,/0.000 | 0.004,/0.000

SA 0.000/0.000{10.134/0.001| 9.632/0.001

Table 2. The error values E1(x)/FE2(z) measured on the reconstructed images in the
case of 1.5 % additive noise

Projections|Algorithm| Phantom 1 | Phantom 2 | Phantom 3
9 DC 9.708/0.492 |21.375/0.829|21.101/1.181

SA 12.707/0.442|26.854,/0.853|26.391/1.188

3 DC 11.892/0.080(24.024,/0.489|23.414/0.761

SA 15.993/0.093|31.156,/0.565|30.878,/0.918

5 DC 19.020/0.080/31.135/0.026|29.182/0.551

SA 23.323/0.059(41.052/0.021{39.057/0.536

6 DC 18.795/0.102|31.298,/0.03433.203,/0.045

SA 25.324/0.058(45.537/0.020{43.371/0.042
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Table 3. The error values E1(x)/E2(x) measured on the reconstructed images in the
case of 5 % additive noise

Projections|Algorithm| Phantom 1 | Phantom 2 | Phantom 3
9 DC 25.599/0.479(59.701/0.857(59.270/1.160

SA 28.633/0.519(63.004/0.839(62.437/1.162

3 DC 27.276/0.305(68.470/0.525(68.802/0.798

SA 31.936,/0.295(73.966,/0.563(73.522/0.903

5 DC 44.607/0.292|82.858/0.114(80.945/0.589

SA 48.423/0.265(91.049,/0.103(87.514,/0.597

6 DC 47.855/0.342|86.354/0.123|86.269/0.151

SA 53.585/0.287(98.575/0.102{95.214/0.145

6 Discussion

Both algorithm perform very similar on the tested reconstruction problems. Con-
sider first the noise free reconstructions. The methods were able to reconstruct
Phantom 1 from 3 or more projections. Phantom 2 was more difficult, 5 or more
projections are necessary for the almost perfect reconstruction. The most difficult
object was Phantom 3, it needs 6 projections for a good quality reconstruction.

The DC method gives smaller errors in almost all cases in Table [ It is
interesting that the measure Ej(z) was smaller for DC than SA in every cases.
The reason can be explained as follows. F;(x) measures the differences between
the input projections (b) and the projections of the reconstructed object (Az).
For this reason E7(x) takes into account only the projections and not the original
object. (That is, F1(z) can be very small even if the object x is far from the
original one.) Our results shows that the difference between the projections is
not so strongly weighted in the objective function of SA (2)). At the same time
SA reaches similarly low values of Es(x) as DC does.

Consider now the results of noisy projections. It is clear that DC gives again
better Fj(x) values. The differences in the Ea(x) values are small, if we have 5
or more projections then SA seems to give solutions being nearer to the original
object.

7 Conclusion

Summarizing the results we can say that there is no huge difference between the
qualities of the reconstructed images of the two methods.
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Abstract. Switching components play an important role investigating
uniqueness of problems in discrete tomography. General projections and
additive projections as well as switching components w.r.t. these projec-
tions are defined. Switching components are derived by combining other
switching components.

The composition of switching components into minimal ones in case
of additive projections is proved. We also prove, that the product of
minimal switching components is also minimal.

1 Introduction

In many scenarios of discrete tomography the so-called switching components
play an important role. In the current paper we consider switching components
from a more general point of view. The paper is intended to serve as a starting
point for further description or even construction of the set of all switching
components w.r.t. a given projection. This may be done via composing switching
components into bigger ones. For projections derived from lower dimensional
projections — let them be additive, as in the unabsorbed or absorbed case, or
even more general — we can decide whether a switching component is minimal.
This will possibly give the opportunity to describe or construct the set of all the
switching components of this kind of projections.

2 Switching Components

2.1 Generalized Projections

Consider a finite or countably infinite set £ (for example an integer lattice) and
a set R containing the so-called rays of £. This set may, but need not be a set
of certain subsets of L. A ray of £ will be denoted by R, the set of the rays is
R(L).

Given a (finite or countably infinite) set £ and a set of rays R = R(L) on L.
Furthermore, let F be a (commutative) ring, for example the ring of the integer,
real or complex numbers.

Definition 1. A function P is called a generalized (F-valued) projection of the
pair (L, R(L)), if for every (finite) subset G C L and for every ray R € R(L) P

A. Kuba, L.G. Nyul, and K. Paldgyi (Eds.): DGCI 2006, LNCS 4245, pp. 157-I68] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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returns a value P(G, R) € F. In order to emphasize the projection as a function
on the subsets of the set L we will also write

PUI(G) = P(G,R) .
Definition 2. A generalized projection P is called an additive projection, if
PR(GLUG:) = PR(G) + PB(Gy) (1)

for all rays ReR(L)
for all (finite) sets G1,Ge C L with GiyNGe = 0 .

Let P an additive projection. Considering the projection on an arbitrary ray R
as above, we then get for a (finite) subset G of £

PI@) = 3PP = D xalo) Wi . (2)
9eq geL

with the weights wéR) = PR ({g}) €F.

2.2 Product of Projections

Let (£1,R1(£1),P1) and (L2, R2(L2), P2) be two projections. L := L1 X La.

Let a ray on the base set £ be defined either as a pair (g1,r2) with g1 € £1
and 7o € Ra(L2) or as a pair (r1,gs) with 71 € R1(L1) and g2 € L. Hence, the
rays on L form the set

R(ﬁ) = (£1 X Rg(ﬁz)) U (Rl(ﬁl) X £2) .

G,

colurpn =1,

Fig. 1. Rays on the Cartesian Product

<}

G,

Let the transections of a subset G C L be defined by
T(Glg1) == {9 € L2]|(91,9) € G}

and
T(Glg2) == {g€L1](g,92) € G} .
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Definition 3. Let

Y (g1,7m0) € L1 X Ra(La) PO(G) == PI(Tu(G|g1))
Y (r1,g2) € Ri(L1) x Lo PU92(@) == PTG gn)) - (3)

We call the triple (£, R(L),P) the product of the projections (L1, R1(L1),P1)
and (L2, R2(L2),P2) and denote it by Pr x Pa.

2.3 Generalized Switching Components

Let £ be a given set, R(L) a set of rays in £ and P a given projection. Let G
be a (finite) subset of £ and ¢ and ¢ two functions on G' with values in {0;1}.

Definition 4. We say a function ¢ on L switchable w.r.t. the pair (G,c) if

VgeG : g(g) =clg) .

Definition 5. If ¢ is switchable w.r.t. (G,c), then we say the function £° =

52961767 e5) that we get by replacing the values of € by those of ¢® on the set G, the
switching result of & with respect to the triplet (G, c,c%).

Ag)if ge G
e(g) otherwise

e3(0) = £+ oo (0) 1= { @)

Definition 6. The triplet (G, c,c®) is said a switching component with respect to
the projection function P, if whenever € is switchable w.r.t. (G, c) the projection
values Pe and PE(SG ¢, c5) are identical.

VReR(L) : PP(efy . ) = PH(e). (5)

For a switching component S = (G, ¢, ¢®) we call the set G the domain of S and
denote it by G = dom(S).

Lemma 1

(i) For every set G C L and every function ¢ : G — {0;1} the triplet (G,c,c)
is a switching component of each projection P.
(i) If (G, c,c) is a switching component with respect to the projection function
P, then (G,c®, c) is also a switching component.
(iii) If (G, c,cM) and (G, M), ) are switching components with respect to the
projection function P then (G, c, 6(2)) is also a switching component.

Proof
The proof is evident and can be omitted. O
For a switching component S = (G,c,c®) we say the switching component

(G, ¢, c) the switched switching component and denote it by S = (G, c%,c).
The empty switching component is denoted by E = (0,0, 0).
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Definition 7. Let P be a projection on L and (G, ¢, c®) a switching component
w.r.t. this projection. The switching component is called a minimal switching
component if whenever (G',c',c) is also a switching component w.r.t. P and
G' is a subset of G and c| o' = ¢’ and 5| g = /° then G' = G or G' = .

Lemma 2. If P is an additive projection on L and S = (G, ¢c,c®) is a minimal
switching component w.r.t. P, then

VgeG : clg)#c(g)

Proof

Let G, = {g € G'|c(g) = ¢(g)}. Consider the set G — G, and the restrictions

of ¢ and ¢ to this set. Let R be an arbitrary ray of R(£) and e : £L — {0;1} a

function on £ with values in {0; 1}. Suppose that ¢ is switchable w.r.t. (G—G., ¢).
Since P is additive we can calculate the projections value P of € on a ray

R € R as follows

PH(e) = Poe(e) + Po—c.(e) + Pe.(e)

where Pg(f) := PU(f - xa) for a set G and a function f, and G¢ := £ — G.
€ equals c on G — G, i.e.

P (e) = Pgele) + Pa—c.(c) + Pa,(c) — Pe,(c) + P, (e)

Pge(e) + Palc) — Pa.(c) + Pa.(e) -

Since (G, ¢, c¥) is a switching component we have Pg(c) = Pg(c®). Additionally,
c and ¢ are identical on G, thus Pg, (c) = Pg, (¢¥) also holds. Replacing these
expressions we get,
PH(e) = Pae(e) + Pa(c®) = Pa, (%) + Pa. (e)
Pee(e) + Pa—-q, (CS) + Pe, (e)

which means that replacing the values of ¢ on G — G, by those of ¢° already
results in the same projection value, i.e. (G — Ge,c|g-c.,c”|a—a,) is also a
switching component w.r.t. P. Since (G, ¢, ¢®) is minimal, G, = ). This is what
we wanted to show. O

3 Deriving Switching Components

In the following we are going to derive switching components from other, known
switching components.

3.1 Composition of Switching Components

Let P be a given projection, S; = (G1,c1,¢7) and Sy = (Ga, 2, ¢5 ) two switching
components with respect to P.
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Definition 8. If the functions c*f and co are identical on the set Gy N Go, i.e.
Vge GiNGy cf(g) = c(g) ,
then the two switching components are called composible.

Note, that the composible relation betwen switching components is not sym-
metric.

Lemma 3. Suppose that S1 and Se are two composible switching components.
Defining ¢ and ¢ as

_ Jalyg) ifgeGy
c(9) {Q@)ﬁgGGy—@

and S()
s _ Jci(g) if geGr—Go
C(”“{gw)ﬁgeGQ :

the triplet (G1UGs, ¢, c®) is a switching component with respect to the projection

P.

<

Fig. 2. The composition of two switching components

Proof

Let R € R(L), and ¢ a function £ — {0;1} switchable w.r.t to (G1 U Gq, ¢).
Because of the definition of ¢, ¢ is identical to ¢; on G;. Thus, the switching

component (G1,c1,c;) can be applied, and as the result we get the following

P(e) = PP(e),

where S( )it C
_ Jalgitge G
eilg) = {6(9) otherwise

Now, (Ga,c2,c5) can be applied, since ¢f and ¢y are identical on the set
(G1 NG5 and ¢ and also €1 are equal to c; on Gy — G1 and we have

PA(er) = PH(ey) ,
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where g . cs(g) if g€ Gs
eag) = {22(@) Mo e G ¢S (g)if g € Gy — G
1(g) otherwise e(g) otherwise
This is the function after applying (G1 U Ga,¢,c®) and, hence, the projection
value is the same. O

Definition 9. Given two composible switching components Si and Sz. The
switching component constructed in Lemma [3 is called the composition of the
switching components, and we write

(Gl UG27076S) = (Gl,ChC‘lS) o (G27027C§)

Lemma 4. Let L be a set, R(L) a set of rays of L and P a projection on
(L,R(L)). Let S = (G,c,c%), S1 = (G1,c1,¢]), S2 = (Ga,ca,¢5) and S5 =
(G3,c3,c5) be switching components w.r.t. (£, R(L),P). For the composition of
switching components w.r.t. (L, R(L),P) the following properties hold.

(i) S and the empty switching component E are composible and
SoF = EoS = §.

(ii) The switching components S and S°* as well as S* and S are composible

and
So Ssw — (G,C,C) and S% oS = (G,CS7CS)

(iii) If S1 and S are composible, then S5 and S;* are also composible and
S5W 0 87Y = (51082)% .

(iv) If S1 and Sy are composible and Sy o So and Ss are also composible, then
So and S3 are composible as well as S1 and S5 o S3 and

(51052)053 = 510(52053).

Proof
The proof of these properties follow immediately from the definition. O

3.2 Symmetric Composition of Switching Components

In the following, let P be an additive projection. S; = (Gy,¢1,¢7) and Sy =
(G2, ca,c5) two switching components w.r.t. P.

Definition 10. The switching components S1 and S are called symmetric com-
posible, if

VgeGINGy 1 ¢f(g) =calg) and ¢5(g) =cilyg) -

Note, that the symmetric composible relation betwen switching components is
a symmetric one.
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Lemma 5. Assume, that S1 and So are symmetric composible. Define ¢ and e
on G1 A\ Ga, the symmetric difference of G1 and Ga, as

_ Jalg) ifgeGi—Gs
clg) = {Cg(g) if g€ Gy — Gy

and )
S(g) = i (g) if ge G1— Gy
’ c5(g) if g€ Gy — Gy

Then the triplet (G A\ Ga,c,c®) is a switching component with respect to the
projection P.

=

Fig. 3. The symmetric composition of two switching components

Proof

Let R € R(L) be a ray, and € : £ — {0;1} a function switchable w.r.t. (G1 A
G27 C).
For a set G and a function f, we denote

Pa(f) == PP (f xa) .

G¢ denotes the complement of the set G w.r.t. to the set L, i.e. G¢° = L —G.
Since the projection P is additive and ¢ equals ¢; and co on G; — G2 and
G2 — G respectively, for the projection of € we then have

P (e) = Pigiues)e(€) + Pai-cs(c1) + Paune, (€) + Pay—c (c2) -
From the additivity of P we have
Pai-ac2(c1) = Pa,(c1) — Peine,(c1)
and, hence,
PI () = Paius):(€) + Pa,(c1) — Paing, (€1) + Paing, (€) + Pay—c (c2) -

(Gy,c1,cf) is a switching component w.r.t. R, that’s why we can replace ¢; by
S
C1

P(R) (5) = P(GlUG2)C(E) + PG1 (Cf) - PGlﬂGz (Cl) + ,PGlﬂGz (E) + ,PszG1 (CQ) .
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Since P is additive and ¢f = ¢y on the set G; N Gy

PGI (Cl ) PGl G2 (Cl ) + PGlﬁGz (Cl ) PGl G2 (Cl ) + PGlﬁGz (02)

Pa,-c,(c2) + Pa,na.(c2) = Pa,(c2)

P () = Plaruca) () + Pa,—6,(c]) — Painas (e1) + Paune, (€) + Pasy(c2) -
From (G, ca,c5) also being a switching component w.r.t. P we get
PU(e) = Paiucn)e(€) + Par-a(c]) — Parnas(c1) + Paine, (€) + Pa,(cs) -
From the additivity of P again and from cg = ¢1 on the set G1 N Gs it follows
PGZ (C2 ) PGz G1 (02 ) + PGlﬂGz (C2 ) PGz G1 (02 ) + ,PGlﬂGz (Cl)
and replacing this expression we get
(R) — S S
PY(e) = PGiucs)e(€) + Pai—c2(cr) + Paings (€) + Pas—ac, (c3) -

The expression on the right hand side is an expression for P %) (%) and, hence,
as the final result we have

PE(e) = PII(") .
This is what we wanted to prove. a

Definition 11. For two symmetric composible switching components S1 and
Sa, the switching component constructed in Lemma [J is called the symmetric
composition of the two switching components, and we write

(Gl A G27Ca CS) = (Gla C1, Cf) O] (G27027C§) .

The following properties of the symmetric composition hold.
Lemma 6. Let L be a set, R(L) be a set of rays on L and P be an additive
projection on these rays. Furthermore, let S = (G, ¢,c%), S1 = (G1,c1,¢7), So =
(Ga,c2,¢5), and Sz = (G3,c3,c5) switching components w.r.t. (L, R(L),P).

(i) S and E are always symmetric composible and

SO E=FE60S=2"S.
(i) S and S** are symmetric composible and

SO =85S =F
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(iii) If S1 ® Sy and Ss are symmetric composible then S1 and Se ® S3 are also
symmetric composible and

(51052)© 83 =510 (520 83) .
(iv) If S1 and Sa are symmetric composible, then
S2©81 = 5108 .

Proof
The proof of these properties follows immediately from the definition. O

Proposition 1. Let S be an arbitrary switching component w.r.t. an additive
projection P. There exists a constant switching component Sy and a sequence
of minimal switching components {S;}¥., with pairwise disjunct domains with
the symmetric composition being S

S =5050--0Sy

with
cls, = %ls, and dom(S;)Ndom(S;) = O fori#yj.
Proof
This easily follows from the definitions. O

3.3 Product of Switching Components

Let P; be a generalized projection w.r.t. (£1,R1(£1)) and Py a generalized
projection w.r.t. (L2, R2(L2)) and P = Py X Py their product as defined in
Section

Furthermore, let Sy = (Gy,c1,cf) and Sz = (Ga,c2,¢5) be a switching com-
ponent w.r.t. P; and Po, resp.

The following figure gives an idea how to create the switching component on
the set G; x G2 or on a subset of G; X G5 based on the two given switching
components.

Let

G1 X(er,e) G2 = G1 x Ga = {(g1,92) | c1(g1) = T (g1) A ca(ga) = 5 (g2)} -

For c1(g1) # ¢7(91) A c2(g2) # 5 (g2) we define

0 if (1) =calga) A F(g1) =5 (g2)
(g1, 92) = {1 i ci(g1) = cS(g2) A e (gn) = ea(go)
and
1 e(g1) =calg2) A F(g1) =5 (g2)
¢ (91,92) = {o i c1(g1) = cS(g2) A o (g1) = ealgn)
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For the other cases we define

JO i a(g) =cP(g1) =0 V ca(g2) = c5(g2) =0
C<91’92)—{1 i c1(g1) = Slg) = 1V calgs) — c3(ga) — 1

and
CfO0if e(gr) =cf(g1) =0 V calg2) =c5(g2) =0
CS(g“g?)—{l i cr(g1) = Ha1) = 1V calgs) — cBlga) — 1

Lemma 7. The triple (G1 X(¢,,c,) G2, ¢, c®) with the two functions ¢ and ¢ as
defined above is a switching component w.r.t. the product projection P = Py X Ps.

Proof
Let € : A — {0;1} an arbitry function for which

V (91,92) € G1 X(¢),e0) G2+ €(g1,92) = c(g1,92)
and we investigate the function ¥ with

S .
s _Je7(g1,92) if (91,92) € G1 X(cy, e0) G2
e(on,92) = {6(91,92) otherwise

We define

VgeG : e (g) == (g, 92)

and
VgeGs : e (g) == e(g1,9)

The appropriate projections P; and P, can be applied to the functions 5(1g2)

and ségl).

First, let (g1,72) € L1 X Ra(L2). For g1 ¢ G; the following equality is trivial.

Pl (e%) = PY(5])) = PYY(E) = Plrme)

G,
c,) |c,
KRN < x
EREREE x x
o [1][1]o]o]n
1] [o] [o]1]o]n
[o[1]o[1] ¢ |G,
[1ofo ] ¢f |

Fig. 4. Product of Switching Components
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Let now g1 € Gy and ¢1(g1) # 7 (g1). As we can see from the definition of ¢, in
this case it holds that

c(g1,9) = c2(9) and c5(g1,9) = c5(g) forgeGa,

or
clg1,9) = cg(g) and cs(gl,g) = c2(g) forgeGs .

Since (Gg, ¢, c3) is a switching component for the projection P, again we have
7)(91,T2)(6S) - 7)(91,?”2)(6)

If g1 € Gy and ¢1(g1) = 7 (g1) we can see from the definition of ¢ that ¢%(g1,g) =
c(g1,g) for g € Ga, if ca(g2) # c5(g2). Hence, €(g1,9) = €%(g1,g) for these
g € G2 and, again,

plovre) (%) = plarr2)(e)

The second case, namely if (r1,g2) € R1(L1) X Lo, can be shown similarly. O

Definition 12. We call the switching component S = (G1 X (¢, ¢,) G2, ¢, ) the
product of the switching components Sy = (G1,c1,¢5) and Sz = (G2, ca,¢5) and
denote it by S = S1 x Sy = (Gy,c1,¢7) % (Ga,ca,¢5).

Proposition 2. If S1 = (G1,c1,¢]) and Sy = (Ga,ca,c5) are two minimal
(non-empty) switching components w.r.t. the generalized projections Py and Ps
then their product S = S1 X Sy is also a minimal switching component w.r.t. to
the product projection P = P; x Pa.

Proof

Suppose that S = 57 x 52 is not a minimal switching component, i.e. there exists
a (G',c, ") switching component w.r.t. P = P; x Py for which § C G’ C G =
G1 X (e, ) G2 and ¢(S)| @ = ¢ and ¢(S)%| @ = 5.

o r (©.9)
|
|

|

G,

]
0]
]
o]

CIRNCIER G,

Fig. 5. Product of minimal switching Components
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Let (91,92) € G1 X(¢;,¢p) G2 — G’ and consider the sets T>(G’|g1) and
T1(G' | g2)-

Since (g1,92) € G1 X (cy, cz) G2 we have ¢1(g1) # ¢f (g1) or c2(g2) # 5 (g2)-

If c1(g1) # ¢ (g1) then

c|To(Glg1) = ca or c|To(Glg) = ¢

and, hence, T5(G' | g1) = T2(G | ¢1) or To(G' | g1) = 0 because ¢z is minimal.
Similarly, if c2(g2) # 5 (g2) then

c|Ti(G|g2) = ¢1 or ¢|Ti(Glg) = ¢

and, hence, T1 (G| g2) = T1(G|g2) or T1(G' | g2) = 0 because c; is minimal.

Equality cannot hold because we supposed (g1,92) € G1 X(¢;,¢,) G2 — G-
Hence, the appropriate transection sets are all empty.

As one of the possibilties, let’s suppose now, that c1(g1) # ¢f (g1). In this case
T2(G'|g1) = 0. This implies that Vj € G2 : (¢1,7) ¢ G’ and so, whenever
j € Ga A ca(j) # c5(j) we have Ty (G | j) = 0 also.

From this, on the other hand, it follows that whenever i € G1 A ¢1(i) # ¢ (i)

we have T5(G'|i) = 0, and as the final consequence G’ = (). This completes
the proof. O
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Minimal Non-simple and Minimal Non-cosimple
Sets in Binary Images on Cell Complexes
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Abstract. The concepts of weak component and simple 1 are general-
izations, to binary images on the n-cells of n-dimensional cell complexes,
of the standard concepts of “26-component” and “26-simple” 1 in bi-
nary images on the 3-cells of a 3D cubical complex; the concepts of
strong component and cosimple 1 are generalizations of the concepts of
“6-component” and “6-simple” 1. Over the past 20 years, the problems of
determining just which sets of 1’s can be minimal non-simple, just which
sets can be minimal non-cosimple, and just which sets can be minimal
non-simple (minimal non-cosimple) without being a weak (strong) fore-
ground component have been solved for the 2D cubical and hexagonal,
3D cubical and face-centered-cubical, and 4D cubical complexes. This
paper solves these problems in much greater generality, for a very large
class of cell complexes of dimension < 4.

1 Introduction

In a binary image, the n-dimensional cells of an n-dimensional cell complex
(most often, the 2D or 3D cubical complex) are labeled 1 or 0. Cells labeled 1
are referred to as 1’s of the image, and cells labeled 0 are referred to as 0’s.

We say that a 1 of the image is simple if “the topology of image is preserved”
(in a sense which will be made precise in Sect. F]) when that 1 is changed into
a 0. We say that a 1 is cosimple if the topology of the image is preserved in
another, complementary, sense when the 1 is changed into a 0.

In the case of the 2D cubical complex, these are two of the oldest con-
cepts of digital topology, and date back to the 1960’s. Rosenfeld’s concept of
an “8-deletable” pixel in [20] is mathematically equivalent to our concept of
a simple 1 in a binary image on the 2D cubical complex. The concept of a
“4-deletable” pixel in [20] is similarly equivalent to our concept of a cosimple 1.
Today, simple and cosimple 1’s in binary images on the 2D cubical complex are
often called “8-simple” and “4-simple”, respectively. In binary images on the 3D
cubical complex, simple 1’s are often called “26-simple”, cosimple 1’s are often
called “6-simple”, and a number of non-trivial characterizations of such 1’s have
been published (e.g., in [2121]).

A subset of the set of 1’s of a binary image is said to be simple (cosimple) if
the elements of that subset can be arranged in a sequence D1, ..., D in which
each element D; is simple (cosimple) after its predecessors Dy, ..., D;_1 have all
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been changed to 0’s. Such sequences were apparently first studied by Ronse [I§]
in the 1980’s, in the case of binary images on the 2D cubical complex.

A subset S of the set of 1’s is said to be minimal non-simple or MNS (mini-
mal non-cosimple or MNCYS) if S is non-simple (non-cosimple) but every proper
subset of S is simple (cosimple). MNS and MNCS sets were first introduced by
Ronse [19], for the 2D cubical complex. (In that context, Ronse referred to MNS
sets as “8-MND sets” and referred to MNCS sets as “4-MND sets”; MND stood
for “minimal non-deletable”.)

The principal application of the concepts of simple and cosimple sets of 1’s is
to the theory of parallel thinning algorithms for binary images. Each iteration
of such an algorithm deletes (i.e., changes to 0) all 1’s for which the configura-
tion of nearby 1’s and 0’s satisfies the algorithm’s deletion condition. Thinning
algorithms are expected to “preserve topology” in the sense that the set of 1’s
deleted by the algorithm should always be simple or always be cosimple.

The concepts of MNS and MNCS sets provide the basis for a systematic
method of verifying that a proposed parallel thinning algorithm satisfies either
of these conditions. In the types of cell complex which seem most likely to be
used in applications, only a few kinds of set can ever be MNS or MNCS, and such
sets can have only a few elements. (For example, in the case of the 2D cubical
complex Ronse showed in [19] that a set of 1’s can be MNS only if every pair of
those 1’s are 8-adjacent—which implies that no MNS set can contain more than
four 1’s.) If we can deduce from a given parallel thinning algorithm’s deletion
condition that the set of 1’s which are changed to 0’s at a single iteration can
never include a non-simple (non-cosimple) set of one of the kinds that can be
MNS (MNCS), then we will have proved that the set of 1’s that are changed to
0’s at any iteration of the algorithm is always a simple (cosimple) set, so that the
thinning algorithm does indeed “preserve topology” in the corresponding sense.

It can happen that a certain kind of set can be MNS (MNCS), but only in
the very special case where the set is a weak (strong) component of the 1’s.
(Here the concepts of weak and strong components are generalizations, to sets
of n-dimensional cells of nD cell complexes, of the well known concepts of 8-
and 4-components, respectively, in sets of 2-cells of the 2D cubical complex.) For
example, in the case of the 2D cubical complex Ronse showed in [19] that a set
of two 1’s that are 8-adjacent but not 4-adjacent can be MNS only if it is an
8-component of the 1’s (i.e., only if neither of the 1’s is 8-adjacent to any other
1 of the image). Knowing that sets of certain kinds cannot be MNS (MNCS)
unless they are weak (strong) components of the 1’s can considerably simplify
the application of the verification method described above.

This motivates the problem of determining just which kinds of set can be MNS,
just which kinds can be MNCS, and just which kinds can be MNS (MNCS)
without being a weak (strong) component of the 1’s. Ronse [I9] solved these
problems for the 2D cubical complex. Hall [6] Sect. 4] essentially solved the
problems for the 2D hexagonal complex. The problems were solved for the 3D
cubical complex by Ma [15] and Kong [I0]. Gau and Kong [4] solved the problems
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for the 3D face-centered-cubical complex (whose 3-dimensional cells are rhombic
dodecahedra) and, more recently, for the 4D cubical complex [BITT].

In this paper, we solve these problems for a very general class of cell complexes
of dimension < 4, namely the zel-compleres which we define in Sect. Bl The
cubical, 2D hexagonal, and 3D face-centered-cubical complexes mentioned above,
and most other complexes that have been considered in digital topology (such
as the 3D body-centered-cubical complex [7IT4], whose 3-dimensional cells are
truncated octahedra), are simple examples of xel-complexes.

2 Contractibility, Polyhedra, and Polyhedral Cells

A set S in R” is said to be contractible if S is nonempty, and S can be continu-
ously deformed over itself to some point p in S. More precisely, S is contractible
if and only if S # ) and there is a continuous mapping h : S x [0,1] — S such
that, for every point s € S and some point p in S, h(s,0) = s and h(s,1) =p. A
contractible set is necessarily connected.

Every convex set is contractible. More generally, if P is any nonempty collec-
tion of convex sets such that (YP # 0, then |JP is contractible—because if
p is any point in ()P then the map h : [JP x [0,1] — JP that is defined by
h(s,t) = tp+ (1 — t)s has the above-mentioned properties.

On the other hand, it is an easy consequence of basic results of algebraic
topology that the boundary of a k-simplex—i.e., the set of all points that lie on
one or more of the (k—1)-dimensional faces of the k-simplex—is not contractible.

In this paper a set in R™ is called a polyhedron if it is expressible as a union of
a finite collection of simplexes (which may possibly include simplexes of different
dimensions). Note that the empty set is a polyhedron, and that a polyhedron
need not be connected. Evidently, the union of two polyhedra is a polyhedron. It
is also not hard to prove that the intersection of two polyhedra is a polyhedron.

There is a simple characterization of contractible polyhedra in R3: A poly-
hedron P in R? is contractible if and only if P is nonempty, connected, and
simply connected, and R3 \ P is connected. This characterization follows from
well known results of algebraic topology—the Alexander duality theorem, and
the theorems of Whitehead and Hurewicz [16, Chs. 5, 7, and §].

For any integer k > 0, a polyhedral k-cell is a polyhedron that is homeomorphic
to a k-simplex. A polyhedral cellis a set that is a polyhedral k-cell for some integer
k; the integer k (which is always uniquely determined) is the dimension of the
polyhedral cell. The dimension of a polyhedral cell C' is denoted by dim(C'). Note
that a polyhedral O-cell consists of just one point. A polyhedral cell is closed and
bounded, and is contractible because it is homeomorphic to a simplex (which is
a contractible set because it is nonempty and convex).

If C is a polyhedral k-cell, and h : ¢ — C is a homeomorphism of a k-simplex
o onto C, then the image under h of the boundary of the simplex o is called
the manifold boundary or just the boundary of C, and is denoted by OC'. (This
set does not depend on our choice of h and o.) If C' is a polyhedral 0-cell then
oC = 0.
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3 Xel-Complexes

A zel-complex is a collection K that satisfies the following conditions for some
positive integer n, which we call the dimension of K and denote by dim(K):

Each member of K is a polyhedral k-cell for some k < n, and [JK = R".
No bounded region of R™ intersects infinitely many members of K.

For all distinct X,Y € K, either X C 9Y,orY C 0X,or XNY =0XNoY.
For all XY € K, either XNY =0 or XNY € K.

Forall XY e Ksuchthat 0 #Y C X, | {De€ K| D C X and DNY =}
is a contractible polyhedron.

6. For all X,Y € K such that X N Y = 0, there exist X', Y’ € K such that
dim(X) =dim(Y’)=n, X’ DX, Y 2Y,and X' NY' = 0.

G o=

The only places in this paper where we use conditions 5 and 6 are in the proofs
of assertion 4 of our first main theorem (Theorem [3]) and assertions 3 and 4 of
our second main theorem (Theorem Hl).

Each member of a xel-complex K will be called a zel of K, and a xel X will be
called a k-zel if dim(X) = k. An mD zel-complex is a xel-complex K for which
dim(K) = m. The above conditions imply that if X and Y are xels of K such
that X C Y, then X C 9Y’; in such cases we say X is a proper face of Y. So if
C1 and (s are distinct intersecting xels of K neither of which is a proper face of
the other, then C; N Cy = 9C; N JC; is a proper face of C; and of Cs.

A simple and important example of an nD xel-complex is the nD cubical
complex, whose xels are the Cartesian products Fy X ... x E, in which each set
E; either is a singleton set of the form {i + 0.5} for some integer 4, or is a closed
unit interval [i — 0.5,7 4+ 0.5] for some integer i. Here Ey X ... x E, is a k-xel
of the xel-complex if n — k of the n E’s are singleton sets and the other k& E’s
are closed unit intervals. (Thus a k-xel of this xel-complex is an upright closed
k-dimensional unit (hyper)cube in R™ whose vertices are located at points each
of whose coordinates differs from an integer by exactly 0.5.)

If X and Y are n-xels of an nD xel-complex K, then X is said to be weakly
adjacentto Y if X #Y and XNY # 0, and X is said to be strongly adjacent to' Y’
if XNY isan (n—1)-xel of K. If T is any set of n-xels of K, then each equivalence
class of the reflexive transitive closure of the restriction to 7 of the “is weakly
adjacent to” relation is called a weakly connected component of 7. Similarly, each
equivalence class of the reflexive transitive closure of the restriction to 7 of the
“is strongly adjacent to” relation is called a strongly connected component of T .
We say 7 is weakly connected if T = () or if there is just one weakly connected
component of 7. Similarly, we say T is strongly connected if T = ) or if there is
just one strongly connected component of 7. (In the 2D (3D) cubical complex,
a set of 2-(3-)xels is strongly connected if and only if it is 4-(6-)connected, and is
weakly connected if and only if it is 8-(26-)connected.) Evidently, every strongly
connected set is weakly connected.

We now state (without proof) a number of properties of xel-complexes which
will be used in proving our main theorems. Readers are encouraged to at least
convince themselves that the 2D and 3D cubical complexes have these properties.
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Property 1. If X is a xel of a xel-complex K, then 90X is a union of xels of K. 0O

Property 2. If Xy and X5 are xels of a xel-complex K such that X7 C X5, then
dlm(Xl) < dlm(XQ) ]

Property 3. If X is a xel of a xel-complex K, and dim(X) > 0, then X contains
at least dim(X) + 1 distinct 0-xels of K. O

Property 4. If Z is an (n — 1)-xel of an nD xel-complex K, then there are n-xels
X1,X5 € K such that X1 N Xo = 0X1 N 90Xy = Z, and no other xel of K
intersects Z \ 0Z. O

Property 5. If X and X' are distinct n-xels of an nD xel-complex K such that
X N X’ # 0, then there exists a sequence Xg, X1,..., Xy of n-xels of K such
that Xo = X, X = X', and, for 1 <i <k, X;_1 N X; is an (n — 1)-xel of K
that contains X N X'. O

Property 6. If X and C are xels of a xel-complex K such that X C 9C, then
there is a (dim(C) — 1)-xel Y of K such that X CY C 9C. O

4 MNS and MNCS Sets in Binary Images

Let K be an nD xel-complex, for some positive integer n, and let G be the set
of all n-xels of K. A function I: G — {0, 1} for which either I1[{1}] is finite or
I-1[{0}] is finite will be called a binary image on K or, more briefly, a K-image.
Note that I(X) is only defined if X € G (i.e., if X is an n-xel of K)—I(X) is
undefined if X is a xel of lower dimension in K.

If T is a K-image, then each n-xel in I71[{1}] is called a 1 of I, and each n-xel
in I71[{0}] is called a 0 of I. If D is any subset of the set of 1’s of a K-image
I, then we write I — D to denote the K-image whose set of 1’s is I71[{1}] \ D.
Changing I to I — D is referred to as deletion of the set D from I

We write I€ to denote the K-image defined by I¢(X) = 1-I(X) for all X € G.
Thus the set of 1’s of 1€ is the set of 0’s of L.

Each weakly (strongly) connected component of I71[{1}] will be called a
weak foreground component (strong foreground component) of 1. Each weakly
(strongly) connected component of I71[{0}] will be called a weak background
component (strong background component) of 1.

If D € I71[{1}], then D is said to be simple in I if (loosely speaking) “the
deletion of {D} from I preserves topology”. A precise definition of this concept
is as follows:

Definition 1. Let K be a xel-complex, and let D be a 1 of a K-image I. Then we
say D is simple in I if J(I71[{1}] — {D}) is a deformation retract of JI~1[{1}].

In other words, D is simple in I if and only if the union of all the 1’s of T can
be continuously deformed over itself onto the union of all the 1’s of T other than
D, in such a way that all points in the latter union remain fixed throughout the
deformation process.
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The idea of defining simpleness in terms of continuous deformation is an old
one that dates back to the 1960’s: In the case of the 2D cubical complex, the
above definition is very similar to an informally stated connectivity preservation
condition given by Hilditch in an early paper on thinning [8, p. 411, condition 5].

A complementary concept to that of a simple 1 is that of a cosimple 1:

Definition 2. Let K be a xel-complex, and let D be a 1 of a K-image I. Then we
say D is cosimple in I if D is simple in (I — {D})¢. Equivalently, D is cosimple
in 1 if and only if | JI7[{0}] is a deformation retract of [J(I7[{0}] U {D}).

Let T be a K-image for some xel-complex K, and let D be any 1 of I. Then we
define two sets Attach(D,I) and Coattach(D,I) of xels in 0D as follows:

Attach(D,T) = {X € K| X € 9D and 3Q € I"'[{1}]\ {D} (X € 0Q)}
Coattach(D,I) = {X ¢ K| X € 9D and 3Q €I '[{0}] (X C0Q)}

If axel X isin Attach(D,I) or in Coattach(D,I), then so is every proper face of
X. Note also that Coattach(D,I) = Attach(D, (I — {D})¢). Conditions 3 and
4 in the definition of a xel-complex and Property [2limply that | Attach(D,T) =
DNUT {1} \ {D}) and | Coattach(D,I) = DN JI1[{0}].

We can now state essentially discrete characterizations of simple and cosimple
1’s in binary images on xel-complexes of dimension < 4:

Theorem 1. Let K be an nD xel-complex, where n < 4, and let D be a 1 of a
K-image 1. Then:

1. D is simple in 1 if and only if |J Attach(D,I) is contractible.
2. D is costimple in I if and only if |J Coattach(D, 1) is contractible. O

Note that, since D is cosimple in I if and only if D is simple in (I — {D})°,
and since Coattach(D,I) = Attach(D, (I — {D})®), the two assertions of this
theorem are really equivalent. The “if” parts of the theorem can be deduced
from the fact that if A and B are contractible polyhedra such that B C A, then
B is a deformation retract of A[] The “only if” parts of the theorem can be
proved using methods of algebraic topologyﬁr

! A self-contained proof of this fact is given in [T3} Sect. 4].

2 More specifically, it follows from the excision theorem and the exact homology
sequence of a pair [I6, Ch. 4] that if D is simple in I then the polyhedron
J Attach(D,I) is nonempty and its reduced homology groups are all trivial. A
polyhedron in R® or in the boundary of a polyhedral 4-cell is contractible if (and
only if) it has these properties. This is a consequence of (1) the theorems of White-
head and Hurewicz [16, Chs. 7, 8] and (2) the fact that a polyhedron P in R* or in
the boundary of a polyhedral 4-cell is simply connected if its first homology group
H1(P) is trivial. In the case where P is in R* a proof of (2) is given in [12]. The
truth of (2) for a polyhedron P in R® implies its truth for a polyhedron P in the
boundary of a polyhedral 4-cell X, because if P C X then, by Thm. 2 of [I7, Ch.
36], there is a homeomorphism h : X — R* U {oo} such that h[P] is a polyhedron
in R3.
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For n < 4, if D is a polyhedral n-cell then a polyhedron P C 9D is con-
tractible if and only if P is connected, (0D) \ P is connected, and the Euler
characteristic of P is 18 An important consequence of this and Theorem [I] is
that it is computationally straightforward to determine whether or not a given
1 of a binary image on a xel-complex of dimension < 4 is simple or cosimple.

The concepts of simple and cosimple 1’s are extended to finite sets of 1’s as
follows:

Definition 3. Let K be a zel-complex, and let D be a set of 1’s of a K-image
I. Then we say D is simple (cosimple) in I if D is a finite set and there is an
enumeration D1, ..., Dy of all the elements of D such that, for 1 <i <k, D; is
a simple (cosimple) 1 in the K-image I — {D;|1 < j < i}.

Note that the empty set is both simple and cosimple in every K-image. Also
note that, if D is a 1 of I, then the singleton set {D} is simple (cosimple) in T if
and only if D is simple 4%cosimple) in I.

Important propertiedd of simple sets of 1’s are that the deletion of such a
set can never split a weak foreground component, can never completely elimi-
nate a weak foreground component, can never merge different strong background
components, and can never create a new strong background component. More
precisely, if D is a set of 1’s that is simple in I, then each weak foreground com-
ponent of I contains exactly one weak foreground component of I — D, and each
strong background component of I — D contains exactly one strong background
component of I.

Analogously, deletion of a cosimple set can never split a strong foreground
component, can never completely eliminate a strong foreground component, can
never merge different weak background components, and can never create a new
weak background component: If D is a set of 1’s that is cosimple in I, then
each strong foreground component of I contains exactly one strong foreground
component of I — D, and each weak background component of I — D contains
exactly one weak background component of I.

We are now ready to define the principal concepts of this paper, namely MNS
and MNCS sets:

Definition 4. Let K be a zel-complezx, and let D be a set of 1’s of a K-image
I. Then we say D is minimal non-simple, or MNS (minimal non-cosimple, or
MNCS) in the K-image 1 if D is non-simple (non-cosimple) in 1, but every proper
subset of D is simple (cosimple) in 1.

Note that, if D is any 1 of I, then the singleton set {D} is MNS (MNCS) in I
if and only if D is non-simple (non-cosimple) in I. Note also that all MNS and
MNCS sets are finite, because simple and cosimple sets are, by definition, finite.

3 This can be deduced from the fact stated in the second sentence of footnote 2] and
the Alexander duality theorem [16] Ch. 4].

4 These properties can be deduced from the first sentence of footnote Pland the Alexan-
der duality theorem, which imply that if D is a 1 of I that is simple in I then
J Attach(D,I) is a nonempty connected proper subset of 9D whose complement in
0D is also connected.
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If a finite set Q of 1’s of a K-image I is non-simple (non-cosimple) in I, then
Q must contain a subset that is MNS (MNCS) in I. Thus if P is a set of 1’s of I
such that no subset of P is MNS (MNCS) in I, then every subset of P is simple
(cosimple) in I. We say that a set P of 1’s of I is hereditarily simple (hereditarily
cosimple) in I if P has this property. It can be shown that, if I is a binary image
on the 3D cubical complex, then P is hereditarily simple (hereditarily cosimple)
in I if and only if P is Pag-simple (Pg-simple) in the sense of Bertrand [IJ.

The arguments in this paper will be based on the characterizations of MNS
and MNCS sets that are stated in the following theorem:

Theorem 2. Let K be an nD zel-complex, where n < 4, and let D be a set of
1’s of a K-image 1. Then:

1. D is MNS in I if and only if the following conditions hold for all D € D:
MNSO D is nonempty and finite.
MNS1 D is non-simple in 1— (D \ {D}).
MNS2 D is simple in I — D' for every D' C D\ {D}.

2. D is MNCS in I if and only if the following conditions hold for all D € D:
MNCSO0 D is nonempty and finite.
MNCS1 D is non-cosimple in I — (D \ {D}).
MNCS2 D is cosimple in 1 — D’ for every D' C D\ {D}. a

Both assertions of this theorem are special cases of Prop. 6 in [9]. Explanations
of why the hypotheses of that proposition are satisfied are given in [5, p. 123]
(for the MNS case) and in [111, p. 326] (for the MNCS case).

We say that a set S of n-xels of an nD xel-complex K can be MNS (can be
MNCS) if there exists a K-image I in which § is an MNS (MNCS) set of 1’s.
We say that S can be MNS (MNCS) without being a weak (strong) foreground
component if there exists a K-image I in which S is an MNS (MNCS) set of 1’s
and S is not a weak (strong) foreground component of I. The main goals of this
paper are to determine, for every xel-complex K of dimension < 4, exactly which
sets of xels can be MNS, exactly which sets can be MNCS, and exactly which
sets can be MNS (MNCS) without being a weak (strong) foreground component.

5 Properties of Contractible Polyhedra in R? or in the
Boundary of a Polyhedral 4-Cell

The proofs of our main theorems will depend on the following fact:

Property 7. Let A and B be polyhedra in R? or in the boundary of a polyhedral
4-cell, such that at least two of the following three statements are true:

1. Each of A and B is contractible.
2. AU B is contractible.
3. AN B is contractible.

Then all three of these statements are true. O
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The hypotheses of Property [ evidently imply that none of the polyhedra A,
B, and AN B is empty. Indeed, if any of these sets is empty then AN B = (so
that statement 3 is false), and either A and B are disjoint nonempty closed sets
(in which case AU B is disconnected and statement 2 is false) or one of A and
B is empty (in which case statement 1 is false).

Property [l is a consequence of the reduced Mayer-Vietoris sequence (see, e.g.,
[16, pp. 128-129]) and the fact, mentioned in footnote [ that a polyhedron in
R3 or in the boundary of a polyhedral 4-cell is contractible if and only if it is
nonempty and its reduced homology groups are all trivial.

The following lemma and its corollary state some consequences of Property[1l
Note that the hypotheses of assertions 1 and 2 of the lemma imply that each
member of the collection § is contractible, since “every nonempty subcollection”
includes subcollections that consist of just one member.

Lemma 1. Let S be a nonempty finite collection of polyhedra in R or in the
boundary of a polyhedral 4-cell. Then:

1. NS is contractible if every nonempty subcollection of S has a contractible
UNLOMN.

2. S is contractible if every nonempty subcollection of S has a contractible
intersection.

Proof. First, we prove assertion 1. Assertion 1 is evidently true if |S| = 1. Now
assume as an induction hypothesis that, for some integer [ > 1, assertion 1
is true whenever |S| < I. Suppose |S| = [, and every nonempty subcollection
of § has a contractible union. We need to show that (S is contractible. Let
S={4;11<i<i},8=8\{4},and &" ={A UA, |1<i<[-—1}. Since
every nonempty subcollection of S has a contractible union, we have that:

(a) A; is contractible.
(b) Every nonempty subcollection of &’ has a contractible union.
(¢) Every nonempty subcollection of S” has a contractible union.

It follows from (b), (c¢), and the induction hypothesis that each of the two sets
NS’ = N2} A; and S” = A, UN'Z} A; is contractible. This, (a), and Prop-
erty [[ imply that A; N ﬂi: A; = (S is contractible, as required. This proves
assertion 1. By a symmetrical argument, with unions in place of intersections,
and vice versa, assertion 2 is also true. a

Corollary 1. Let S be a nonempty finite collection of polyhedra, in R® or in the
boundary of a polyhedral 4-cell, that satisfies one of the following conditions:

1. Every nonempty proper subcollection of S has a contractible union.
2. Every nonempty proper subcollection of S has a contractible intersection.

Then S satisfies both of these conditions. Moreover, |JS is contractible if and
only if (S is contractible.
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Proof. If condition 1 holds, and &’ is any nonempty proper subcollection of S,
then every nonempty subcollection of S’ has a contractible union, and so [\ &’
is contractible by assertion 1 of Lemma [Il Hence condition 2 holds if condition
1 holds. Since condition 2 holds, if (S is contractible then every nonempty
subcollection of S has a contractible intersection, and so |JS is contractible
by assertion 2 of Lemma [[l By symmetrical arguments, condition 1 holds if
condition 2 holds, and (S is contractible if | JS is contractible. a

Another property of contractible polyhedra that we will need is:

Property 8. Let X be a polyhedral n-cell, and let 7 be a nonempty finite col-
lection of polyhedra in X such that:

1. T =0.
2. (7' is a contractible set whenever () £ 7' C 7.
Then |7] —1<mn,and Y7 = 90X if and only if |7| — 1 = n. O

The hypotheses of Property B imply that the polyhedron of the nerve complex of
7 is the boundary of a (|7]—1)-simplex. So it follows from the nerve theorem [3}
Thm. 10.6(i)] that the |7| — 2"? Betti number of | J7 is 1 if |7| > 3. Property §
can be deduced from this and the fact that |J7 is a polyhedron in 0.X.

6 The Fundamental Lemma

We now use the results of Sect. [l to establish some key facts (stated in the
following lemma) on which the proofs of our main theorems will be based.

Lemma 2 (Fundamental Lemma). Let X be an n-zel of a zel-complez K,
where n < 4, let (X;)1<i<k be a nonempty finite family of zels of K in 0X, and
let P C 0X be a union of zels of K for which

PuU U{Xl | i € M} is contractible whenever O # M C {1,...,k} (%)

Then:

1. For all 8§ such that 0 #8 C{X; |1 <i <k}, PN(S is contractible if and
only if P is contractible and (S # 0.

2. If ﬂle X; = 0, then P is contractible if and only if P U Ule X; is con-
tractible.

3. IfPﬂﬂi;l X; is contractible, then P is contractible if and only ifPUUi;l X;
is contractible.

4. If P is contractible, and there is some S such that 0 #8S C {X; |1<i <k}
and S = ﬂle X, then P U Ule X 1is contractible.

5. If ﬂle X; # 0 but PN ﬂle X; =0 and PU Ule X, is contractible, then
P=4.

6. If ﬂle X; £ 0 but PN ﬂle X; =0 and P is contractible, then k < n, and
PU Ule X, = 90X if and only if k = n.
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Proof. We claim that it is enough to prove this lemma in the case where no
two of the X;’s are equal. For assertions 1 — 5 this is because, if (X])1<i<w is
a family of distinct sets such that {X! | 1 < i < k'} = {X; |1 < i < k},
then when we replace X; with X/ and k with &’ it is evident that (F)) still holds
and none of assertions 1 — 5 changes in meaning. In the case of assertion 6, if
X; = X, for some j # I, then the case M = {1,...,k} \ {j} of (¥) implies that
PU Ule X is contractible, and so the hypotheses of assertion 6 are inconsistent
with assertion 5. In other words, if assertion 5 is true then assertion 6 is vacuously
true if X; = X; for some j # [. This justifies our claim, and in the rest of this
proof we shall assume that the X;’s are all distinct.

To prove assertion 1, let S satisfy 0 # S C {X; | 1 <i < k} and let S* =
{PUY | Y € S}. By (®), every nonempty subcollection of S* has a contractible
union. Hence, by assertion 1 of Lemma [l P U[S = (\S* is contractible. If
NS =0 then PN S = 0 is not contractible, which is consistent with assertion
1. Now suppose (S # (0. Then (S is a xel of K (by condition 4 of the definition
of a xel-complex) and is therefore contractible. Since each of P U()S and (S
is contractible, it follows from Property [ that P is contractible if and only if
P NS is contractible. This proves assertion 1.

Next, we prove assertion 2. Suppose ﬂle X; = 0 (which implies k& > 2).
By (), every nonempty proper subcollection of {P U X; U X; | 2 < i < k}
has a contractible union, and so it follows from Corollary [ of Lemma [ that
PLJUf:1 X = Uf:z (PUX,UX;) is contractible if and only if (PUXQLJ(]?Z2 X =
ﬂsz(P U X3 U X;) is contractible.

There are now two cases: (\i_, X; = 0, and (\_, X; # 0. In the first case,
the set (P U X;) U ﬂfﬁ X; = P U X; is contractible (by (), so it follows
from the equivalence established in previous paragraph that P U Ule X; is also
contractible. Moreover, in this case it follows from assertion 1 of Lemma [ that
P = Puﬁifc:2 X; = ﬂfZQ(PUXi) is contractible as well, because every nonempty
subcollection of {PUX; | 2 < i < k} has a contractible union (by (¥)). Thus the
sets P and PLJU;C:1 X are both contractible, which is consistent with assertion 2.

In the second case, where ﬂfzz X; # 0, the set (PUX7) Uﬂfzz X is the union
of the set ﬂf:Q X; (which is a xel of K, by condition 4 in the definition of a xel-
complex, and is therefore contractible) with the set PUX; (which is contractible
because of (). Hence, by Property [, we have that (P U X;) U ﬂfzz X; is
contractible if and only if (PUX}) ﬂﬂfﬁ X = Pﬁﬂf:2 X, is contractible. But,
by assertion 1, P N ﬂfzz X is contractible if and only if P is contractible. We
conclude that (PUX;)U ﬂfﬁ X is contractible if and only if P is contractible.
As we showed earlier that (P U X;) U ﬂfzz X, is contractible if and only if
PU Ule X; is contractible, assertion 2 is proved.

To prove assertion 3, suppose P N ﬂle X, is contractible. This implies that
ﬂle X; # 0, and so ﬂi;l X; is a xel of K (by condition 4 in the definition of a
xel-complex) and is therefore contractible. Since P N[, X; and N_, X; are
both contractible, it follows from Property [[ that P is contractible if and only
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if PU ﬂle X, is contractible. But, since every nonempty proper subcollection
of {PUX; | 1 <i < k} has a contractible union (by ), P U ﬂleXi =
ﬂle(P U X;) is contractible if and only if P U Ule X = Ule(P U X;) is
contractible, by Corollary [[] of Lemma [Il This proves assertion 3.

To prove assertion 4, suppose that P is contractible, and that there is some
S such that § # S € {X,; | 1 <i < k} and NS = (N, Xi. Now if NS =
ﬂle X; = ( then assertion 4 is true, by assertion 2. If, on the other hand,
NS = ﬂle X; # 0, then assertion 1 implies that P N ﬂle X, =PnNnNSis
contractible, and so assertion 4 is true, by assertion 3. This proves assertion 4.

To prove assertion 5, suppose (r_, X; # 0 but PN)_, X; = 0. Let P’ =
P Uﬂle X;. Then the hypotheses of the lemma still hold when we replace P with
P’ and P'N Y, X; = NI, X, is a xel of K (by condition 4 in the definition
of a xel-complex) and is therefore contractible. Hence assertion 3 of the lemma
(with P’ in place of P) implies that if PUUle X, =F LJU;C:1 X is contractible
then P’ is contractible. However, P’ is contractible only if P = ) (for if P # ()
then P’ = PUNL_, X is disconnected, as P and ()}_, X; are disjoint nonempty
closed sets).

To prove assertion 6, suppose ﬂle X; # 0 but PN ﬂle X; =0 and P is
contractible. Let 7 = {X; | 1 < i < k} U{P}. Then it follows from assertion 1
that every nonempty proper subcollection of 7" has a contractible intersection.
Moreover, (\7 = PN ﬂle X; = 0. So it follows from Property |/ that & < n,
and that P U Ule X;=U7 =0X if and only if k = n. O

7 The Main Theorems

Theorem 3 (First Main Theorem). Let K be an nD zel-complex, where
1<n<4, and let T be a nonempty finite collection of n-zels of K. Then:

1. If T =0, then there is no K-image I such that T is MNS in .

2. If 7T #0, and T is a weak foreground component of a K-image I, then T
is MINS in 1.

3. If T is a 0-zel of K, and T is MNS in a K-image I, then T is a weak
foreground component of 1.

4. If NT is an m-zel of K for some m > 1, then there is a K-image I such
that T is MNS in 1 and T is not a weak foreground component of 1.

Proof. Let k =|T|—1,let T ={X,T1,...,Tx} and, for 1 <14 < k, write X; for
X NT;.

We first prove assertions 1 and 3. For this purpose we may assume k # 0,
as this is implied by the hypotheses of assertions 1 and 3. Suppose there is a
K-image I such that 7 is an MNS set of 1’s of I. We will deduce that (7 # 0
(which will prove assertion 1). We will further deduce that if (|7 is a 0-xel of
K then 7 is a weak foreground component of I (which will prove assertion 3).

Let P =X NUT'[{1}]\ 7). Thus P = |JAttach(X,I1—{T; | 1 <i < k}).
Then |JAttach(X,I— ({7; |1 <i <k} \W)) = PUU{X; | T; € W} for any
subcollection W of {T; | 1 < i < k}.
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Since 7 = {X,T4,...,Tx} is MNS in [, it follows from Theorem 2] that X is
simple in I — ({7; | 1 < ¢ < k} \ W) for every nonempty subcollection W of
{T; | 1 < i < k}, and that X is non-simple in I — {T; | 1 <4 < k}. Hence,
by Theorem [Il P = |JAttach(X,I— {T; | 1 <i < k}) is not contractible, but
PUU{X; | T; e W} = JAttach(X,I— ({T; | 1 <i <k} \W)) is contractible
whenever § ZW C{T; |1 <i < k}.

The collection of sets {PU(JH{X; | T; e W} |0 #W C{T; | 1 <i < k}}
is the same as the collection of sets {PUJS | 0 # S C{X; | 1 < i < k}}.
Hence P UJS is contractible whenever §) # S C {X; | 1 < i < k}. Since this
implies P U X; is contractible for 1 < i < k, and since we saw above that P is
not contractible, none of the sets X; is empty, and so each set X; = X N7T; is a
xel of K. Thus we have established the following:

(a) P, X, and the family (X;)1<i<i satisfy the hypotheses of the Fundamental
Lemma.

(b) P is not contractible.

(c) PUUY, X; is contractible.

Assertion 2 of the Fundamental Lemma now implies:

k
NT=()Xi#0 ()
i=1

This proves assertion 1.

Now suppose (7 = ﬂle X; is a O-xel of K. If PN ﬂle X; # 0 then PN
NE_, X; is the O-xel ()*_, X; (as a 0-xel has no nonempty proper subset), and
so PN ﬂle X is contractible, which contradicts assertion 3 of the Fundamental
Lemma (in view of (a), (b), and (c) above). Hence P N ﬂi;lXi = (. In view
of this, (a), (), ({), and assertion 5 of the Fundamental Lemma, we have that
X AU TN T) = P = 0.

As X is an arbitrary element of 7, it follows that TN JI[{1}]\7) = 0
for every T' € T. Moreover, every two elements of 7 are weakly adjacent (since
N7 # (), and so 7 is weakly connected. Hence 7 is a weak foreground compo-
nent of I. This proves assertion 3.

To prove assertion 4, suppose (|7 is an m-xel of K for some m > 1. Then,
by Property Bl of a xel-complex, there exist two distinct 0-xels {q; } and {¢2} of
K in (7. By condition 6 of the definition of a xel-complex, there exist n-xels
Q@1 and Q2 of K such that g1 € Q1, ¢2 € Q2, and Q1 N Q2 = 0. Let I* be the
K-image whose set of 1’s is 7 U {Q1, Q2}.

We claim that 7 is MNS in I*. To justify this claim, let P* = X N(Q1UQz), so
JAttach(X,I* — {T; | 1 <i < k}) = P*. Then, for any W C {T; | 1 < < k},
JAttach(X,I* — ({7; | 1 < i < k}\W)) = P*U|U{X; | T; € W}. So (since
X is an arbitrary element of 7) our claim that 7 is MNS in I* will follow from
Theorems [1l and 2] if we can show that:

(a) P* is not contractible.
(b) P*UJS is contractible whenever ) 28 C {X; | 1 < i < k}.
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Here (a) is true since P* = X N (Q1 U Q>) is disconnected (as Q1 N Q2 = 0).
To prove (b), let 0 # S C{X; |1 <i <k}, let S =SU{XNQ1}, and let
Sy =SU{X NQ2}. Then (US1)U(JS2) = P*UUS. Note that if X' is S, Sy, or
Sa, then the intersection of any nonempty subcollection of X is nonempty, and is
therefore a xel of K. So if X' is S, S1, or S then every nonempty subcollection of
X has a contractible intersection, which implies (by assertion 2 of Lemmal[l]) that
|J X is contractible. Thus each of the sets |JS, |JS1, and |JS: is contractible.
Since (JS1) N (US2) = (US) U (X NQ1NQ2) =JS is also contractible, we
see from Property [[lthat P*U{JS = (IJS1) U (U S2) is contractible. This proves
(b) and completes the proof of assertion 4.

To prove assertion 2, suppose (7 # 0, and let I’ be any K-image of which
7 is a weak foreground component. We will show that 7 is MNS in I'.

Now Attach(X,I' — {T; | 1 < i < k}) = 0, as T is a weak foreground
component of I'. We also have that |JAttach(X,I' — ({T; |1 <i <k} \W))
= U{X: | T € W} for any subcollection W of {T; | 1 < i < k}. So (since
X is an arbitrary element of 7) our claim that 7 is MNS in I" will follow
from Theorems [l and [ if we can just show that |JS is contractible whenever
0 #£S C{X;|1<i<k}. Now the intersection of any nonempty subcollection
of {X; | 1 <4 < k} is nonempty (as (|7 #0) and is therefore a xel of K.
Thus if  #S C{X; |1 <i <k} then every nonempty subcollection of S has a
contractible intersection, and so | J S is contractible (by assertion 2 of Lemma []),
as required. a

The proof of our second main theorem will depend on two more lemmas, which
we now establish. Note that if S is a finite set of 1’s of a binary image I on a
xel-complex of dimension < 4, then it follows from assertion 2 of the first lemma
below that S is cosimple if (and only if) the intersection of & with each strong
foreground component of I is cosimple, and so & cannot be MNCS in I if §
intersects more than one strong foreground component of I.

Lemma 3. Let K be an nD xel-complex, where n < 4, and let T be any set of
n-zels of K. Let Iy and Iy be K-images such that I (X) = I3(X) = 1 for every
X eT, and;(X) =15(X) = 0 for every n-zel X that is not in T but is strongly
adjacent to an n-zel in T (i.e., T is a union of strong foreground components
both of Iy and of Iz). Then:

1. For every T € T, Coattach(T,1;) = Coattach(T,I5).
2. For every T € T, T is cosimple in 1y if and only if T is cosimple in 1.
3. For every T' CT,T' is MNCS in Iy if and only if T' is MNCS in I5.

Proof. To prove assertion 1, let T' € 7. We now show that Coattach(7,1;) C
Coattach(T,I;). Let Y € Coattach(T,1;). Then Y C 9T and there is an n-xel
Q € I;1[{0}] such that Y € Q. Thus Y € TN Q and so, by Property [, there
exists a sequence Qg, Q1, ..., Qr of n-xels of K such that Qg =T, Qr = @, and,
for1 <i<k,Q,—1NQ; isan (n—1)-xel of K that contains Y. Now Qo =T €T
and Q) = Q ¢ T (since Q € I; '[{0}]). Let Q; be the first element of the sequence
Qo,Q1, ..., Qi that does not belong to 7. Then, Q;—1 € 7. Since Q;_1NEQ); is an
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(n—1)-xel of K, the n-xel @), is strongly adjacent to an n-xel in 7, and therefore
Hl(Qj) = HQ(Q]) =0. As Q]‘ S H;l[{O}] and Y - Qj—l ﬁQj g Qj (Wthh implies
that Y C 0Q;), it follows that ¥ € Coattach(T,I;). As Y is an arbitrary
xel in Coattach(7,1;), this shows that Coattach(7,I;) C Coattach(T,1,).
By a symmetrical argument, Coattach(7,I;) C Coattach(7T,I). This proves
assertion 1. Assertion 2 follows from assertion 1 and Theorem [Il Assertion 3
follows from assertion 2 and Theorem 2] because if W is any subset of 7 then
the hypotheses of the lemma must still hold when 7, I, and I, are respectively
replaced by T\ W, I; — W, and I, — W. 0

Lemma 4. Let K be an nD zel-complex, and let T be a nonempty finite col-
lection of n-zels of K such that (7T # 0 and there is no T' C T such that
N7 = N7T. Then |T| < n+ 1. Moreover, if |T| = n+ 1 then (T* is an
(n+1—|T*|)-zel of K whenever 9 #T* CT.

Proof. Let k= |T|—1and let T°, T, ..., T* be an enumeration of the elements
of T. Since T # 0, N'_, T" is a xel of K for 0 < [ < k. Hence:

k k—1 l +1
dim(T°) — dim([) 7%) = Y _(dim([") T%) — dim([) T*)) (%)
=0 =0 =0 =0

But we must have ﬂé:o T 2 ﬂiié T for 0 <1 < k—1 (for if ﬂé:o T =
ML T then (T \ {T"'}) = NT), and so it follows from Property B that
dim(N_, T?) — dim(NE4 T%) > 1 for 0 <1 < k — 1. Hence the right side of (&)
is > k. Since the left side of (&) is < dim(7°) = n, we have that n > k, and so
7| =k+1<n+1.

Now suppose |T| = n+ 1. Then k = n and the left side of &) is < k, so no

term on the right exceeds 1 and we have that dim(()'_, T%) — dim(N/Z} T%) = 1
for 0 <1 <k —1. Hence dim(ﬂéoni) =n—Il=Mnm+1)—|{T"|0<i<I} for
0 <1 <k, since dim(ﬂ?zo T?%) = dim(7T°) = n. As this holds for any enumeration
TO.T', ..., T* of T, the lemma is proved. O

Theorem 4 (Second Main Theorem). Let K be an nD zel-complex, where
1<n<4, and let T be a nonempty finite collection of n-zels of K. Then:

1. If T =0, then there is no K-image I such that T is MNCS in L

2. If there is some T' C T such that (\T' = (7, then there is no K-image I
such that T is MNCS in 1.

3. If 7T # 0 and there is no T' C T such that \T' =7, and |T|=n+1,
then T is MNCS in a K-image if and only if T is a strong foreground com-
ponent of that K-image.

4. If VT # O and there is no T' C T such that (7' = (7, and |T| <n,
then there is a K-image 1 such that T is MNCS in 1 and T is not a strong
foreground component of 1.

Proof. Let k =|T|—1,let T ={X,T1,..., T} and, for 1 <i < k, write X; for
XNT;.
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We first prove assertions 1 and 2, and the “only if” part of assertion 3. For this
purpose we may assume k # 0, as this is implied by the hypotheses of assertions
1, 2, and 3. Suppose there is a K-image I such that 7 is an MNCS set of 1’s of
I. We will deduce that ()7 # () (which will prove assertion 1). We will further
deduce that there is no set 7/ C 7 such that (7’ = (7 (which will prove
assertion 2). Then we will prove the “only if” part of assertion 3 by showing
that 7 must be a strong foreground component of I if |7| =n + 1.

Let P = XNJI7[{0}] = J Coattach(X,I). Then | Coattach(X,I-W) =
PUU{X; | T; € W} for any subcollection W of {T; | 1 <1i < k}.

Since 7 = {X,Ty,...,Tx} is MNCS in I, it follows from Theorem [2] that X
is cosimple in T — W for every proper subcollection W of {T; | 1 < i < k},
and that X is non-cosimple in I — {7; | 1 < i < k}. Hence, by Theorem [I]
Pu Ule X; = |JCoattach(X,I — {T; | 1 < i < k}) is not contractible, but
PUU{X; | T; € W} = | Coattach(X,I—-W) is contractible for every collection
W C{T;|1<i<k}. Asaspecial case of the latter fact, P is contractible.

The collection of sets {PUU{X; | T, e W} | W C {T; | 1 < i < k}}
includes the collection of sets {PUUS | S € {X; | 1 < ¢ < k}}. Hence
P US is contractible whenever S € {X; | 1 < i < k}. Since this implies
PUU({X; |1<j <k}\{X;}) is contractible for 1 <1 < k, and since we saw
above that P U Ule X, is not contractible, none of the sets X; is empty, and so
each set X; = X NT; is a xel of K. Thus we have established the following:

(a) P, X, and the family (X;)1<i<i satisfy the hypotheses of the Fundamental
Lemma.

(b) P is contractible.

(¢) PU Ule X is not contractible.

Assertion 2 of the Fundamental Lemma now implies that (|7 = ﬂle X; # 0.
This proves assertion 1.

To prove assertion 2, we suppose there is a set 7/ C 7 such that 7' =7,
and deduce a contradiction. We may assume without loss of generality that 77 €
T\T. Then N, X, =X NN, LCNT =NT =XNN, Ti = N, X,
which implies ﬂfzz X; = ﬂle X;. This and (a) — (¢) above contradict assertion 4
of the Fundamental Lemma, and so we have established assertion 2.

To prove the “only if” part of assertion 3, we continue to suppose that 7 is
MNCS in the K-image I, but now also suppose that |7| = n+1 (so that k = n).
We need to deduce that 7 is a strong foreground component of I.

By assertions 1 and 2, (7 # 0 and there is no set 7' C 7 such that (7' =
(7. So Lemma [ implies that, for any two distinct elements T and T” of 7, the
intersection TNT" is an (n — 1)-xel of K. Hence T is strongly connected. It also
follows from Lemma [ that ﬂle X =7 is a 0-xel of K.

Now if PN ﬂle X; # 0 then PN ﬂle X; is the 0-xel ﬂle X;, and so PN
ﬂle X is contractible, which contradicts assertion 3 of the Fundamental Lemma
(in view of (a) — (c¢) above).

Hence we may assume PN ﬂle X; = 0. Then assertion 6 of the Fundamental
Lemma implies that | Coattach(X,I—{T;|1<i<k})=PU Ui;l X, =0X.
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It follows that there is no n-xel Y of K such that YVisa 1l of I—{T; | 1 <i < k}
and X NY is an (n — 1)-xel. (For if such an n-xel Y exists, and Z = X NY, then
(by Property [) no point in Z\ 0Z lieson a 0 of I — {T; | 1 < ¢ < k} and all
points of Z \ 8Z must lie in X \ |J Coattach(X,I— {T; |1 <4 < k}).) Hence
X is not strongly adjacent to any 1 of I — 7. As X is an arbitrary element of
7 (and we already know 7 is strongly connected) it follows that 7 is a strong
foreground component of I. This proves the “only if” part of assertion 3.

It remains to establish the “if” part of assertion 3, and assertion 4. For this
purpose we suppose that (7 # 0, and that there is no set 7 C 7 for which
N7 =N7. (To begin with, we do not suppose that |7| = n+1.) We will define
a K-image I*, and show that 7 is MNCS in I*.

Let H be the set of all n-xels of K that intersect the xel (7, and let H be the
set of all n-xels of K that do not intersect the xel (7. Let I* be the K-image
whose set of 1’s is H (and whose set of 0’s is H). We will show that 7 is MNCS
in I*.

Now H consists of the xels of dimension n in the set {C € K | C NN 7T = 0}.
Moreover, condition 6 in the definition of a xel-complex implies that each xel of
dimension < n in {C € K| C N7 = 0} is contained in an n-xel in H. Hence
UH =U{C e K| CNNT = 0}. Therefore | Coattach(X,I*) = X N|UH =
UWHXnC|CeKandCNNT=0}U{DeK|DC X and DNNT =0}.

Let P = |JCoattach(X,I*). Then, for any W C {T; | 1 < i < k}, we have
that |J Coattach(X,I* — W) = PU|J{X; | T: € W}. Now we observe that
{X; | T; € W} is a proper subset of {X; | 1 < i < k} whenever W is a proper
subset of {T; | 1 <4 < k}. (This is because there cannot exist j # j' for which
Xj = Xj/. For if suchj and j/ existed then XﬁT] ﬂTj/ = X]‘ ﬂX]‘/ = Xj = XﬁTj,
which would imply that (7 = ((7 \ {T}/}), contrary to our hypothesis that
there is no set 7/ C 7 for which (V7' = (17 .) In view of this, and since X is an
arbitrary element of 7, if we can show that the following statements (i) and (ii)
are both true, then Theorems [[l and Rl will imply that 7 is indeed MNCS in I*:

(i) PUJS is contractible whenever S C {X; | 1 <i < k}.
(i) PU Ule X, is not contractible.

Recall that P = U{D €e K | D C X and DN(7 = 0}. If & = 0, then
N7 =X, P =10, (i) is vacuously true, and (ii) is true.

Now suppose k # 0. Then condition 5 of the definition of a xel-complex
implies that P is contractible, since ()7 is a nonempty proper subset of X. The
intersection of any nonempty subcollection of {X; | 1 < i < k} is contractible,
as it is nonempty (since (|7 # @) and is therefore a xel of K. Now let S’ be any
nonempty proper subcollection of {X; | 1 <4 < k}. Then (7 is a nonempty
proper subset of (&', since there is no set 7/ C 7 such that (7’ = (7. Hence
PNOS'UHFeK|ECNS and ENNT = 0} is contractible, by condition 5
of the definition of a xel-complex.

The observations in the preceding paragraph imply that, if & # 0, then the
intersection of any nonempty proper subcollection of {X; | 1 < i < k} U {P}
is contractible. It follows, by Corollary [l of Lemma [ that the union of any
nonempty proper subcollection of {X; | 1 <4 < k} U {P} is contractible. This
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proves (i). Corollary[Mlalso tells us that PUUL1 X =U{X:|1<i<Ek}U{P})
is contractible if and only if ({X; | 1 < i < k}U{P}) = PN, X; is
contractible. But PN ﬂle X, = PN T = 0 is not contractible, and so we have
proved (ii). Thus we have shown that 7 is MNCS in I*.

Now suppose, again, that |7| = n + 1. Since 7 is MNCS in I*, the “only if”
part of assertion 3 implies that 7 must be a strong foreground component of I*,
and so it follows from assertion 3 of Lemma [Bl that 7 is MNCS in any K-image
of which 7 is a strong foreground component. This establishes the “if” part of
assertion 3.

Finally, we suppose, instead, that |7| < n (so that k& < n—1), and complete the
proof of assertion 4 by deducing that 7 is not a strong foreground component
of I*. First of all, we claim that |JCoattach(X,I* — {T; | 1 < i < k}) =
PUUleXi C 0X.Recallthat P=|{DeK|DC Xand DNN7 =0}. If
k=0then N7 = X and PUJY_, X; = P = 0, so that our claim is valid. If
k # 0 then, since P is contractible (as we observed earlier), and since (7 # 0,
PN 7T =0, and k < n— 1, the validity of our claim follows from assertion 6 of
the Fundamental Lemma.

Let p be any point in 90X \ |JCoattach(X,I* — {T; | 1 <4 < k}). Then
(by Properties [ and [B]) there must exist an (n — 1)-xel Z C 90X such that
p € Z. Since p ¢ |JCoattach(X,I* — {T; | 1 < i < k}), we also have that
Z ¢ UCoattach(X,I* —{T; | 1 < i < k}), and so the n-xel ¥ of K such
that X NY = 0X N9Y = Z (which must exist, by Property H) is a 1 of
I* —{T; | 1 <14 < k}. Hence X is strongly adjacent to a 1 of I* — {T; | 1 <14 < k}
and 7 is not a strong foreground component of I*. This completes the proof. O

Note that, in view of Lemma @l every nonempty finite collection 7 of n-xels of
K must satisfy the hypotheses of one of the four assertions of Theorem [l

8 Concluding Remarks

We say that a set 7 of n-dimensional xels of an n-dimensional xel-complex can
be minimal non-simple (can be minimal non-cosimple) if there exists a binary
image in which 7 is a minimal non-simple (minimal non-cosimple) set of 1’s. We
say that 7 can be minimal non-simple (minimal non-cosimple) without being a
weak (strong) foreground component if there exists a binary image in which 7 is
a proper subset of a weak (strong) foreground component and 7 is a minimal
non-simple (minimal non-cosimple) set.

This paper has determined just which sets of xels can be minimal non-simple,
just which sets can be minimal non-cosimple, and just which sets can be min-
imal non-simple (minimal non-cosimple) without being a weak (strong) fore-
ground component, in arbitrary xel-complexes of dimension < 4. A number of
earlier papers [ASGITOTTIIETI] have solved these problems for particular xel-
complexes—specifically, the 2D, 3D, and 4D cubical, 2D hexagonal, and 3D
face-centered-cubical complexes. This paper generalizes that earlier work.

We have established that, for n < 4, a nonempty finite collection 7 of
n-dimensional xels of an n-dimensional xel-complex can be minimal non-simple
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if and only if (7 # 0. We have shown, too, that 7 can be minimal non-
simple without being a weak foreground component if and only if (7 is an
m-dimensional xel for some m > 1.

We have further established that 7 can be minimal non-cosimple if and

only if (7 # 0 and there is no nonempty proper subcollection 7’ of 7 such
that (7’ = ()7, and we have shown that 7 can be minimal non-cosimple
without being a strong foreground component if and only if, in addition, |7|
<n.
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Abstract. In this paper we define the notion of gap in an arbitrary dig-
ital picture S in a digital space of arbitrary dimension. As a main result,
we obtain an explicit formula for the number of gaps in S of maximal
dimension. We also derive a combinatorial relation for a digital curve.

Keywords: Digital geometry, digital picture, gap, brim.

1 Introduction

A gap is a location in a digital picture (that is any finite set of pixels/voxels
in 2D/3D) through which a “discrete path” can pass. Gaps are considered in
rendering pixelized /voxelized scenes, which is done by casting digital rays from
the image to the scene [I,[2]. Therefore, it is useful to know whether a digital
picture has gaps of certain type or is gap-free. This is particularly interesting
when dealing with digital curves or surfaces. It is also helpful to have an estima-
tion for the number of gaps (if any) in a considered digital object, possibly as a
function of other object parameters. Such kind of information may help better
understand the topological structure of a binary picture and is of potential inter-
est in property-based image analysis. Of special interest are the gaps of maximal
dimension (to be defined later) since they can be penetrated by a digital ray
of any connectivity. Moreover, estimations of the number of such kind of gaps
may be useful for evaluating the performance of some polyhedra decomposition
algorithms (see comments in Section Hl). Moreover, digital picture gap-freeness
appears to be equivalent to the notion of well-composedness of a set of pixels
proposed by Latecki, Eckhardt, and Rosenfeld [3]. This last paper demonstrates
the advantages of using well-composed (gap-free) sets in image analysis.

Theoretical studies of this sort are related to combinatorial topology, but are
also of interest in several other disciplines, such as digital geometry, combina-
torial image analysis, and theory of computer graphics. A classical result is the
famous Descartes-Euler formula v — e+ f = 2 that relates the number of vertices
(v), edges (e), and facets (f) of a polytope. For various applications of this last
formula and other similar results to image analysis and digital geometry, see
Chapters 4 and 6 of [4].

A. Kuba, L.G. Nyul, and K. Paldgyi (Eds.): DGCI 2006, LNCS 4245, pp. 189-{I398] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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Conditions for existence of gaps in digital lines and planes are available, e.g.,
in [5lf6l7]. The notion of gap has been used in higher dimensions, too [§]. However,
a rigorous definition that applies to arbitrary digital pictures is still missing.
Approaches to estimating the number of gaps have been, overall, unclear.

A recent work [9] provided the formula

g=v—2(p+c—h)+Db, (1)

where g is the number of gaps, v the number of vertices, p the number of pixels, h
the number of holes, ¢ the number of connected components, and b the number
of 2 x 2 grid squares in a digital picture. For another similar result we refer
to [10].

In the present paper we define the notion of gap in arbitrary dimension and
obtain a formula for the number of gaps of maximal dimension n. We also derive
a combinatorial relation for an n-dimensional digital curve.

In the next section we introduce some basic notions and notations of digital
topology. In Section [3] we present our main results. In Section [3.4] we comment
on a computer program that was developed to facilitate our theoretical research.
We conclude with some remarks in Section Hl

2 Preliminaries

In this sections we introduce some basic notions of digital geometry to be used
in the sequel. We conform to terminology used in [4] (see also [I1]).

All considerations take place in the grid cell model that consists of the grid
cells of Z™, together with the related topology. In the grid cell model we represent
n-cells as hyper-cubes, called hyper-vozxels, or vozxels, for short. Their edges and
vertices are 1-cells and 0-cells, respectively. For every ¢ = 0,1,...,n, the set of
all cells of dimension i (or i-cells) is denoted by (Cgf ), Further, we define the space
C, = UZ:O (Cgf). We say that two n-cells e, e’ are k-adjacent for 0 < k <n —1
if they share a k-cell. Two n-cells are strictly k-adjacent if they are k-adjacent
but not (k + 1)-adjacent.

A digital object S C C,, is a finite set of n-cells. A k-path (0 <k <n—1)in S
is a sequence of voxels from S such that every two consecutive voxels on the path
are k-adjacent. Two voxels of a digital object S are k-connected (in S) iff there is
a k-path in S between them. A subset G of S is k-connected iff there is a k-path
connecting any two pixels of G. The maximal (by inclusion) k-connected subsets
of a digital object S are called k-components of S. Components are nonempty,
and distinct k-components are disjoint.

The grid cell model can be considered as an abstract cell complex (C,,, <, dim)
(see [12]), where < is a bounding relation, that is antisymmetric, irreflexive, and
transitive, and such that for every e,e’ € C,, e < €' if and only if ele’ and
dim(e) < dim(e’). The relation < is a partial order on C,,. The corresponding
order topology 7(<) is called the grid cell topology In the rest of the paper,

! In that topology the open sets are precisely the sets U C C,, such that, for every
u € U and every v € C,, with u < v, we have v € U.
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we will assume that the abstract cell complex (C,,, <, dim) is equipped with the
topology 7(<). Then, for any subset A of C,, its boundary 0A is defined as the
set of all points x of C,, such that every open neighborhood of z meets A and
Cn \ A, while its interior int(A) is the set of all points x of C,, such that there
exists some open neighborhood of = contained in A. The points of int(A) will
be called internal points of A.

Given a digital object S, note that its closure S is naturally a subcomplex of
C,,. In the sequel, we will denote by S}, the set of k-cells of S, i.e., S = S’Q(C%k).
In particular, we have S,, = S N o = .

3 Combinatorial Relations

In this section we first introduce the notions of tandem, gap, and brim of arbi-
trary dimension. Then we obtain a formula for the number of gaps of maximal
dimension and a combinatorial relation for digital curves.

3.1 Tandems, Gaps, and Brims

A2x---x2x1x---x1 grid parallelepiped in C,, will be called 2¥1"~*-block

k n—~k
(0 < k < n). In particular, any voxel is a 1"-block. See Figure[Th for illustrations.

yayayd yavi
@@ o
(b)

Gt

(©)

(@)

Fig. 1. Tllustration to some notions in 3D. (a) Top: 23-block; Bottom: 221'-block. (b)
Top: 0-tandem; Bottom: 1-tandem. (c) Top: Configuration exposing a 0-gap (in two
different orientations); Bottom: Configuration exposing a 1-gap.

Now we are able to give the following definition.

Definition 1. A pair ti, = (v1,v2) of two strictly k-adjacent vozels v1 and va,
for 0 < k < n-—1, is called a k-tandem. Then the complement of t; w.r.t. a
2n=F1k_block, for 0 < k < n — 2, determines a k-gap of S.
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Remark 1. Technically, the complement of an (n — 1)-tandem to a 211"~ *-block
can be considered as a (n — 1)-gap. These are similar to “tunnels” known in
classic combinatorial topology, see [4]. Since tunnels are well-studied object of
essentially diverse type, we will not consider them here.

There are n — 1 types of gaps: 0,1,2,..., and (n — 2)-gaps. For a given digital
object S, the number of its tandems and gaps will be denoted by bg, b1, ...,b,—1
and ¢o, g1, ..., Jn_2, respectively. Figure [[b,c illustrates tandems and gaps in
dimension three.

S =

|
| Ej

(a) (b)
Fig. 2. (a) Possible 1-brims in 2D. (b) Possible 2-brims in 3D.

In the sequel we will also use the following technical notion.

Definition 2. Let ¢ € 0Si_1 for some k (1 < k < n) and let bi(c) be the set
of elements of 0Sy incident to it. Then the pair bri(c) = (¢, bx(c)) is called a
k-brim of S. We will say that bri(c) is hinged on c.

Basically, k-brims of a digital object delineate its “k-dimensional” boundary. A
set of voxels in a digital object will be called configuration. Figure [2] displays
possible configurations of pixels/voxels that expose 1-brims in Cy and 2-brims
in Cs. (Note that there is one-to-one correspondence between both. There are
19 distinct configurations of voxels that expose 1-brims in Cs.)

3.2 Formula for the Number of (n — 2)-Gaps

For a given digital object S C C,, let s; = |S;|, 0 < k < n. In this section we
prove the following theorem.

Theorem 1. For a given digital object S C C,,,

gn—o=—2n(n—1)s, +2(n — 1)sp—1 — Sp—2 + b, (2)
where b is the number of 221" ~2-blocks of S.
Proof. For any c € Sp_1, 1 <k <n—1, we define

Ii:(c) = {c’ € Sk : c is incident with ¢'}.
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We also define

intSk—1 ={c € Sk—1: c € intS}
6Sk_1 Z{C €S,_1:ce€ 65}
0Sk Z{CE Sk :CE@S}

It is easy to see that a (k — 1)-cell belongs to intSk_q iff it is incident with
2n=(k=1) p_cells of S. Otherwise, it belongs to the boundary of S.

For ¢ € S,,_1 we can consider I,,(c) = {¢’ € S, : ¢ is incident with ¢'}. The
possible values for |I,,(c)| are 1 and 2. More precisely, we have

ntS,_1 :{C €S,_1: In_l(c) = 2}
Sy, _1 :{C €S,_1: In_l(c) = 1}
Sp—1 =intS,—1 U0S,—_1

Let us denote s, = [intS,_1|, and s7_; = |9S,_1|. Then s, _1 = s, +s9_|.

n—

Since every n-cell of S is incident with 2n (n — 1)-cells from S,,_1, we obtain

on|S| = s, + 25

n—1-

From here we get
88
n—1
2
Next we consider incidence relations between elements of 95, _1 and S, _».
For any ¢ € S,,_5 we consider the brim hinged on ¢:

st = ns, —

brn—1(c) = {c € 8S,,—1 : ¢ is incident with ¢'}.
The possible values for |br,,_1(c)| are 0, 2, and 4. This partitions S,,_ as follows:
Sn—2=5)_3USs_5USp s, 3)
where S!_, = {c € Sp_2 : |brn_1(c)| = i}, for i = 0,2,4. If denote & _, =
IS¢ 5|, i = 0,2,4, we get s,—2 = 8% _5 + 52_, + 5+ _,. From here, we obtain

2 _ <0 4
Sp—9 = Sn—-2 — Sp_o — Sp_9-

Every cell € S?_, is incident with 2(n — 1) cells y € S,,_s. Then it follows
that

2(n —1)sh_ =45, o+ 25, 5 =45, o+ 2(sn2— 5 o — 5p_) =

=25¢ 5+ 25, 9 — 250 _,

from where we obtain

o o Sp—2 + Sp—2 — Sp—2
Sp—1 =
n—1
Then
9 So_1 E) 501
t n— n—
Sp—1 =801+ Sp_1 =NSp — 5 + 851 =NSy + 5
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ie., .y .
Sy =y + A @
Thus
2(n — 1)sp_1 =2n(n —1)s, + 5% o4+ 5, 9—352 ,,
and
E;LQ =-=2n(n—1)s, +2(n—1)$p—1 — Sp—2+ 5272.

We also have the following fact.

Fact 1. For any n > 2, the sets of (n — 2)-gaps and (n — 2)-tandems are deter-
mined by the same configurations.

Then it is enough to observe that 3% , = g, o is the number of (n — 2)-gaps
(that are also (n — 2)-tandems) and 5 _, = b the number of 221" ~2-blocks of S,

and we obtain the result stated. O

Note that for n = 2 the only gaps in S are the 0-gaps. For this case equality (@)
has the form s; = 2s5 4+ 4 (go + so — b), where b is the number of (2 x 2)-blocks
in S. Now, by Euler-Poincaré characteristic we have sqg — s1 + so = Gy — 01 + (e,
where (g, 1, B2 are the Betti numbers [4]. From here we get so — (2s2 + %(so —
b+ go)) + s0 = P2 — B1 + Po.

Since S is homotopic to a 1D CW-complex, we have 35 = 0 . Moreover, 3y is
the number of connected components of S, while (; is the number of its holes.
From here we immediately obtain formula ().

3.3 Relations for Digital Curves

A digital curve admits various equivalent definitions [I3]. One of them is the fol-
lowing. A simple digital k-curveis a set I' = {c1, ¢, ..., ¢} of voxels that satisfy
the following two axioms: (Al) ¢; is k-adjacent to ¢; iff i = j £ 1(modulo 1),
and (A2) p is one-dimensional with respect to k-adjacency. To get acquainted
with the classical definition of dimension of a digital object the reader is re-
ferred to [14]. For further developments and various results see [I3,[4] and the
bibliography therein. For example, we have the following:

Fact 2. Let M be a finite set of pizels which is one-dimensional with respect to
0-adjacency. Then M does not contain any 221"~ 2-block.

Figure Bl illustrates curves in Co and Cs.
Theorem 2. Let I' C C,, be a digital O-curve. Then:
gn—2=—2n(n—1)s, +2(n — 1)s,—_1 — Sp_2a.

Moreover, letting by, ...bn,—1 be the number of its k-tandems, for 0 <k <n—1
we have the relation

n—k—1 .
ek [T fk+i
Sk = 2 k <k> Spn — E 2 < k )bi+k (5)

=0
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| 7L

Fig. 3. Simple closed curves in C5 (left) and C3 (right)

Proof. Let I' = (c1,ca,...,cm) be a closed digital O-curve, i.e., it satisfies
conditions (A1) and (A2) and Fact [2] applies, as well. None that I" consists of
consecutive tandems of the form (c1,c2), (c2,¢3), ..., (Cm-1,¢m); (Cm,c1)-

The first assertion follows immediately from Theorem [l and Fact

For the second assertion, let ¢ be a k-cell for k # n.

We say that c is a totally boundary cell if ¢ is incident with exactly one n-cell.
If ¢ is not totally boundary, then ¢ belongs to the closure of the shared face of a
tandem ?; in dimension j > k; we then say that c is involved in t;.

Since I' is a O-curve, every k-cell is incident with at most two n-cells and,
thus, every non totally boundary cell is involved in exactly one tandem. Now
the number of k-cells involved in a j-dimensional tandem ¢; is easily seen to be
297k (7). Therefore the number of non totally boundary cells sp is:

k+1 -1
Sztb:bk+2( Z )bk+1+...+2n_1_k<nk_ >bn17 (6)

whereas the number of totally boundary k-cells is given by stP = s, — siP. Since
every n-cell is incident with 2”*]“(2) k-cells, we have:

on—k (Z) Sy =1-5tP 4 2. 5P
=S + Sztb (7)
The second assertion now follows straightforwardly from eq. (@) and eq. (@). O

Remark 2. Note that (n — 2)-gaps are the only gaps a digital curve I" may have.
Note also that if I" is a digital (n — 2)-curveld then the number of (n — 2)-gaps of
I' matches the number of “linear segments” into which I" can be decomposed.

Remark 3. Since I is a closed curve, its Euler-Poincaré characteristic x(I") is
zero. We then have:

0=x(I) = Y (~1)Ps,

k=0

2 That is, any two consecutive voxels of I" are (n — 2)-adjacent.
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=3 The Yoxel program H=] B3

o plolel Bl @) Al

ad:

{.f
~ of l-tunnels:

Fig. 4. Sample output of the computer program

Using the expression for the s; found in eq. (@), we recover, after elementary
manipulations, the not-surprising relation:

Sp=bg+b1+...+bp_1

The used approach allows to obtain similar (although more complex and thus
less compact and elegant) relations for k-curves with &k # 0, as well as for arbi-
trary digital object.

3.4 Experimental Software

The theoretical results described in the previous sections have been supported
and verified by an experimental computer program.

Given a digital picture S represented by the coordinates of its voxels, our
program takes as an input a file with the list of the voxel coordinates. It outputs
the number of the 0-, 1-, and 2-facets, 221'-blocks, and 0- and 1-gaps of S. Com-
putation of the number of the 0-/1-gaps is performed by appropriate scanning
of S by 2 x 2 x 2-cubes/2 X 2 x 1- blocks and counting the distinct gaps. The
number of 1-gaps can alternatively be found by using formula (2]).

The program is written in Visual Studio C++ 6.0 and uses OpenGL. It runs
under Windows 98 or higher. It allows to visualize the digital picture S and to
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interactively rotate it along the Oz-, Oy-, and Oz- axes so that the object can be
seen from different viewpoints. In Figure @] a snapshot of the running program
is displayed.

4 Concluding Remarks

In this paper we provided a rigorous definition of gaps in a digital picture and
derived a formula for the number of (n—2)-gaps, as well as certain combinatorial
relations for digital curves. A supporting computer program has been developed
as well.

Knowledge of the number of gaps of maximal dimension can be useful in
several aspects. Among these we would like to mention an application to the well-
known polyhedron decomposition problem [I5,[16], that is to partition a given
non-convex polyhedron into as small as possible number of convex polytopes.
Specifically, let P be the rectilinear polyhedron defined as a union of a set of
voxels of Cz. It is not hard to see that the number of gaps in the discrete
surface constituted by the boundary voxels of P is an upper bound for the
number r of “notches” of P, that are locations causing non—convexityﬁ The fact
is that all bounds on the number of convex polytopes obtained by decomposition
algorithms are in terms of that parameter . A more careful study of this aspect
is seen as a further task. Another one is seen in seeking approaches that would
allow to obtain more compact characterizations of lower dimensional gaps in
digital pictures.
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Abstract. In this paper, algorithms for computing integer (co)homology
of a simplicial complex of any dimension are designed, extending the work
done in [I2L[3]. For doing this, the homology of the object is encoded
in an algebraic-topological format (that we call AM-model). Moreover,
in the case of 3D binary digital images, having as input AM-models for
the images I and J, we design fast algorithms for computing the integer
homology of TUJ, INJ and I\ J.

1 Introduction

Efficient algorithms for computing topological information are powerful tools in
the fields of Data Mining, Pattern Recognition, Geometric Modeling and nD
Digital Image Processing. Nevertheless, topological notions (such as the cup
product on cohomology, cohomology operations, fundamental group, homotopy
groups, etc) are hard to adapt into an n-dimensional discrete framework; and
the number of available computational tools are limited. It is a fact that the cup
product on cohomology is a topological invariant which contains more informa-
tion than homology groups when we deal with an object of dimension greater
than or equal to 3. Since cohomology is essentially an algebraic notion, it seems
reasonable to encode it using a classical algebraic-topological cover: chain homo-
topy equivalences. In the setting of Simplicial Topology, we use here this extra
algebraic-topological information (that we will define as an AM-model for a sim-
plicial complex) to compute the cup product on integer cohomology as well as
cohomological numbers derived from it, extending the work developed in [1L2].
Our computational approach follows the philosophy of the Effective Homology
Theory developed by F. Sergeraert in [4,[5]. In particular, we prove that all
the algorithms for computing integer homology based in the matrix reduction
method to Smith normal form (for example [6,[7,[89]) can be translated to our
setting with no extra computational cost in time. Finally, we successfully apply
this computational algebraic topological approach to 3D binary digital images
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and we prove that a suitable extended notion of AM-model for binary 3D dig-
ital images can be reused under voxel-set operations (union, intersection and
difference).

2 Integer Homology, Chain Contractions and AM-Models

In [9], an algorithm improving the efficiency of the classical integer reduction
homology algorithm is described. Their technique is mainly based on the re-
sults of [§], in which a matrix reduction to integer Smith normal form is deter-
mined in an efficient way. There is no problem for translating this method to our
framework since it consists in constructing a chain homotopy equivalence from
the previously calculated Smith normal form, without additional computational
cost. Moreover, our strategy of saving more algebraic information outperforms
the previous algorithms for computing integer homology in several points such
as: 1) cohomological features can be computed; 2) we can efficiently control the
topological changes after addition or deletion of simplices.

First, we give a brief summary of concepts and notations. The terminology
follows Munkres book [6]. We will consider that the ground ring is Z.

Simplicial Complexes. Considering an ordering on a vertex set V', a g—simplex
with ¢ + 1 affinely independent vertices vy < --- < v4 of V' is the convex hull
of these points, denoted by (v, ...,vq). If i < g, an i—face of ¢ is an i—simplex
whose vertices are in the set {vo,...,v,}. A simplex is mazimal if it does not
belong to any higher dimensional simplex. A simplicial complex K is a collection
of simplices such that every face of a simplex of K is in K and the intersection
of any two simplices of K is a face of each of them or empty. The set of all the
¢-simplices of K is denoted by K. The dimension of K is the dimension of
the highest dimensional simplex in K.

Chains and Homology. Let K be a simplicial complex. A ¢—chain a is a
formal sum of simplices of K9, The ¢—chains form the gth chain group of K,
denoted by Cy(K). The boundary of a ¢g-simplex o = (vo, ..., vq) is the (¢ —1)-
chain: 9,4(c) = 37 o(=1)(vo,...,d;,...,vg), where the hat means that v; is
omitted. By linearity, ; can be extended to g—chains. The collection of boundary

operators connect the chain groups Cy(K) into the chain complex C(K): --- %

Cy(K) & Co(K) % 0. An essential property is that 0,04+1 = 0. In a more

general setting, a chain complex C is a sequence - - - A, 4 A Co o, of
abelian groups C,; and homomorphisms dg, such that for all ¢, dydq+1 = 0. The
set of all the homomorphisms dj is called the differential of C. A g—chain a € C,
is called a g—cycle if dy(a) = 0. If a = dgy1(a’) for some o’ € Cyq1 then a is
called a g-boundary. Denote the groups of g—cycles and ¢g-boundaries by Z; and
By respectively. Define the gth homology group to be the quotient group Z,/ By,
denoted by Hy(C). We say that a is a representative q—cycle of a homology
generator « if & = a + B,;. We denote o = [a]. The gth betti number 3, is the
rank of the free part of H,(C). Intuitively, fy is the number of components of
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connected pieces, (31 is the number of independent “holes” and (5 is the number
of “cavities”.

Chain Contractions. A chain contraction [10] of a chain complex C to a chain
complex C’ is a set of three homomorphisms (f, g, #) such that: f : C — C’ and
g : C' — C are chain maps; fg is the identity map of C’; and ¢ : C — C is a chain
homotopy of the identity map id of C to gf, that is, ¢p0 + d¢ = id — gf. In this
case, C and C’' have isomorphic homology groups [6, p. 73].

AM-Models. An AM-model for a simplicial complex K is the set (C, M, f, g, ¢)
where C is a basis of C(K), M is a subset of generators of C(K) and (f, g, ¢)
is a chain contraction from C(K) to M(K) where M(K) is the chain complex
generated by M with differential 0|« such that in each dimension g, the matrix
A of the differential Og|u k), coincides with its Smith normal form and satisfies
that any non-null entry of A is greater than 1. Moreover, if the homology is free
or the ground ring is a field, then M (K) is isomorphic to the homology of K.
It is necessary to emphasize that given a simplicial complex K, it is possible
to define different AM-models for K since the chain complex M(K) and the
morphisms f, g and ¢ can admit different formulae.

A translation of the integer reduction homology algorithm in terms of chain
contractions has been made in [I1]. Here we rewrite this work using a more al-
gorithmic language. This algorithm consists in reducing the matrix A, of the
boundary operator in each dimension ¢, to its Smith normal form Aﬁp rela-
tive to some basis {as,...a,} of Cy(K) and {e1,...,es} of Cy_1(K) such that
{aes1,...,a,} is a basis of Z,(K), and {\e1,..., \ees} is a basis of B,_1(K) [0
pp. 56-61].

Algorithm 1. Computing an AM-model for a Finite Simplicial Complex.

INPUT: A simplicial complex K of dimension d.
Initially: Cj := K@ M, = K@ and Cz; ={} for 0<¢<d,
flo):=0, g(o) =0, ¢(o):=0 for every o € K.

For ¢=1 to ¢q=4d do
Reduce the matrix A, of the boundary operator 0, relative to
the basis C'q and M, 1 to its Smith normal form A; relative
to some basis {ai,...,a,} of C, and {e1,...,es} of M, 1 where:
Oq(ai) =e€;, for 1 <i<t< min (r,s);
Oq(a;) = Nieiy, M €R, for t <i</{< min (r,s);
and OJy(a;) =0 for £ <i<r.
Define Cy_; := C’L’F1 U{et,...,es}, Mg—1 :={ewt1,...,€s},
Cy={ar,...,a:}, Cp:={ar,...,a}, My :={ass1,...,a:},
fla;) =0, f(e;) :=0 and ¢(e;) :=a; for 1 <i <t

OuTpUT: The set (CoU---UCy, Mo U---UMy, f,g,0).

The following result shows that although M (K) is not isomorphic to the
homology of K, we can directly obtain the integer homology from it.

Theorem 2. Let K be a finite simplicial complex of any dimension. The set
(CoU---UCq, Mo U ---U My, f,g,0) defines an AM-model for K, being C =



202 R. Gonzélez-Diaz et al.

CoU---UCy a basis of C(K), M(K) the chain complex generated by M =
MoU---UMy and with differential 0|y x,, and (f,g,®) a chain contraction from
C(K) to M(K). Moreover, the integer homology of K and integer homology
generators can be directly obtained from M and 0| -

If K has m simplices, an AM-model for K can be computed in time and
storage O(m?).

Fig. 1. The Klein bottle and a triangulation of it

Example 1. Consider the simplicial complex K in Figure 1 whose underlying
space is the Klein bottle [6, p. 283]. Running the algorithm above, we obtain
that the vertex (a) belongs to Cy and My (K), the cycles aq := (a, b)+(b, c)—(a, c)
and ag := (a,d) + (d, e) — (a, e) belong to Cy and Mj; and the 2-chain consisting
in the sum of all the triangles in K, 3 := —(a, b, f)— (b, ¢, f)+{a,c,g)—{a,e,g)+
<6797i> - <67d7i> + <C,d,i> - <a7c,d> + <b,C,i> + <avb7h> - <a7e7